Matrices as linear transformations

Starter

1 Find the value of k for which the systems of equations 4x + 3y =2 andkx — 6y = — 4
do not have a unique solution. State whether there are no solutions or an infinite number of
solutions and give a geometrical explanation.

Working: The matrix of coefficients is (4 3 )

k —6
. : 3
For no unique solution 6 =0
—24 -3k =0
The equations have no unique solution when k = — 8.
When k = — 8 the equations are multiples of each other i.e. they are

coincident (the same line) so there are infinite solutions.

2. By using matrices, solve this systems of linear equations:
2x =3y +4z =7 x—=2y+3z=5 3x=5y+2z=2
You may use your calculator to find the inverse and perform matrix multiplication

2 =3 4) /x 7
Working: 1 =2 31{Y)=1|5
3 -5 2)\< 2

1

2 -3 4)
Pre-multiplyby |1 -2 3
3 =5 2

X 2 -3 4\ /7 1
v =1 =2 3] [s5)=(1
z 3 -5 2] \2 2

x=1ly=1,z=2

oome@ (303 e (000 @ (Vo))

Working: (a)
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4. By viewing question 3 as a matrix acting on the point with coordinates (2, 1) and
transforming it to the coordinates of your answer, describe the transformation (rotation or
reflection) that is happening in each case. If you need, sketch a graph to help you.
Working: (a) Rotation of 180° about the origin

(b) Reflection in the x—axis
(c) Reflection inthe liney = x
E.g. 1 By considering the effect of the matrix on the unit square, describe the transformation
under:
0 —1 2 0
a b
(a) <1 0 ) (b) <0 2)
Hint: Write the points as column vectors.
: _ 0 1 . Y
Working: (@ A: 1 o) = B ﬁ\ C B
v (1 )(i>=(1>
0 C' @) A x
C: -1 0 1
1
Rotation 90° ant| clockW|se about the origin
2 0\ (1 2 y
b A: = C' B'
B: 2 0 1 i 2
' 0 2 1 2 ] C B
20 0 0
C: =
o @) A A' x
Enlargement scale factor 2, centre origin D 3 3
E.g. 2 Find the matrix that causes a reflection in the line y = — x.
. 1 0 0 -1 = y
Working: — — y=-X
7 <0> <_ 1) <1 < 0 ) \ 1 C B

so the matrix is

(5 9)

[S—

Confirm using > GC @) A x
L 0 1

(5 ) (0)-()

[E—

B' A
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E.g. 3 Find the matrix that causes a reflection in the line y—axis.

1 -1 0 0
Working: <0> - < 0 > <1> — <1> y
AR B C13 C B
so the matrix is 0 1
Confirm using < }) :
A' O A x

-1 0 1y (-1 ¢

G0-() o ae

0
this matrix, find the matrix that causes a rotation of 90° clockwise about the origin.

E.g. 4 The matrix <? ) causes a rotation of 90° anti-clockwise about the origin. Using

Working: The inverse matrix will reverse the transformation.

-1
. . (0o =1\ _ 1[0 1\ _(0 1
The required matrix is <1 0 > = N (_1 0) = (_1 O)

E.g. 5 Find the matrix that causes an enlargement by a length factor of 2 followed by a rotation of
90°anti-clockwise about the origin.

Working: Enlargement by a length factor of 2 is <3 g) 1st matrix to multiply

-1

Rotation, 90°anti-clockwise about origin 0

o0 )6 3= )

The required matrix is (0 _2>

> 2nd matrix to multiply

2 0

0 causes a reflection in the y—axis and -1 0 causes a
0 1 Y 0 -1

rotation of 180°, centre origin, find the single matrix that causes a reflection in the y—axis
followed by a rotation of 180°, centre the origin.

o -1 0\(=10\_/(1 0
Working: (O _1><0 1>—<0 _1>

E.g. 6 Given that <
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