Inverse of 2 by 2 Matrices
Starter

1. Find the values of k such that the matrix M is singular, where M = <24k X li 5).

2. The 2 by 2 identity matrix, I = (1) (1) . Find:
5 -8 1 0 a b 1 0 1 0\ (fa b
@) <3 4)(0 1) & <c d) (o 1) © <0 1) <c d)

3. Let matrix X = <a b).
c d

. 1 2 1 0
Find th I fa,b d such that X = )
(a) ind the values of a, b, ¢ and d such tha <3 7) <0 1>

(b) Calculate the product <; ? X using the values found in (a).

4. Let matrix P = <a b).
c d

| 1 2 1 0
ind the values of a, b, ¢ and d such that <3 6) <O 1)

Notes
From the starter we can see that identity matrices have the same property as the number 1 in
multiplication i.e. it leaves a matrix untouched after multiplication

Multiplication: 5X1=1x5=5 1isthe identity element in multiplication

L 1 0y _(1 0 _ 1 0). . .
Matrices: A <O 1> = <0 1) A=A <0 1) is the identity matrix for 2 by 2
Notation

The inverse matrix of A is denoted by A",

Inverse matrix
In multiplication, a number can combine with its reciprocal to give the identity element.

| 1
Multiplication: S5 x—=1 or —Xx5=1
5 5
With matrices, a matrix multiplies its inverse to give the identity matrix.the inverse matrix of A is
: - 1 0 -1 1 0
Matrices: AA! = or AT'A=
<0 1) 0 1

2 by 2 matrices
In question 3 of the starter we used simultaneous equations to find the inverse of the matrix, but
we need a quicker method.
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C —C a
(a) Find the product AB.

E.g. 1 Let A=<a Z) andletB:(d _b>.

(b) State which needs to be done to AB make it equal to <(1) (1)> :

a

Z) . Include det A in your answer.
c

(c) Hence state the inverse matrix of A = (

The inverse of the 2 by 2 matrix A = (a Z) is:
c

1 1
el (4 by e oL (d4 b
ad —bc \—C a detA \—C a

Do all 2 by 2 matrices have an inverse?
Question 4 of the starter showed that not every matrix has an inverse. In the formula for the
inverse, we divide by det A. Therefore, if det A = 0, the inverse matrix does not exist.

ie. singular matrices do not have an inverse
When asked to find the inverse of a matrix, it is best to calculate its determinant first.

E.g. 2 If it exists, find the inverse of the matrix:

49 2 -6 5 -3
@ <3 7> 2 <—3 9> = <10 —5)
49
37

(a) ‘
-1
49y _L(7 -9\_(71 -9
3 7 1\-3 4 -3 4
Inverse of a product

What is the inverse of the product of matrices AB?

Let X be the inverse of AB.

(AB)X =1

By associativity: ABX) =1

Pre-multiply by A=':  AT'ABX) = A7l so IBX)=A"! = BX=A"!
Pre-multiply by B™!:  B™'BX =B~ !A"! so IX=B'A"! = X=B!A"!
Therefore the inverse of AB is B~'A~! ie. (AB)"'=B7!A"!

Working: =4x7-3%x9=1

N.B. Since matrix multiplication is not commutative, you need to specify whether to pre- or
post-multiply by a matrix.

Eg.3 LetX = <; ;) and Y = <2 2) Calculate the inverse of YX.
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E.g. 4 Solve these matrix equations:

I 3 -2 9 13 -2 9
X= X =
@ <2 4) <—2 14> ) <2 4> <—2 14>
Hint: Remember to specify whether you are pre- or post-multiplying by a matrix.
2 4
-1 -1
1 3 I 3 X = 1 3 -2 9
2 4 2 4 -2 14
< ) < j)—landIX=X.
1 3\
2 4
1

-1
Working: (a) Pre-multiply by <1 3) :

SoX = <1 <—§ 194>
(3) ==(57)
-'-X=_L2<_42 _13> <:§ 194>=<—11 3>

Inverse of 2 by 2 matrices EQ

Exercise
p22 1D Qu 1i, 2i, 3i, 4-10

Summary
The inverse of the 2 by 2 matrix A = <a Z) is:
c
1 1
Al= —( d _b> ..OF... Al= ( d _b>
ad—bc \—C a detA \—C¢ a

Inverse of a product: (AB)™' = B~'A~!
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