Geometric Distributions

Starter
1. If the random variable X is such that X ~ B(10, p), where

<L anav (X) 15 find
— and Var = — find:
P=3 g

(a) the value of p,
(b) E(X) and
(b) P(X =2).

2. A sports magazine is giving away signed photos of famous swimmers. It randomly places
15 photos in every 100 magazines. Let X be the number of magazines you purchase until
you get a signed photo (i.e. the first X — 1 magazines do not have signed photos in).

(a) Find the probability of getting a signed photo in the 3rd magazine you purchase but
not in the first 2 i.e. find P(X = 3).

(b) Explain what P(X = 20) means in this context.

(c) Calculate P(X = 10).

(d) Write down an expression for P(X = Xx).

(e) Calculate the probability that you need to buy 1, 2, 3 or 4 magazines to get a

signed photo.

Notes
Question 2 from the starter is an example of a geometric distribution. It is similar to the binomial
distribution in that:
° There are only two outcomes: “success” or “failure”
° The outcome of one trial does not depend on the others (i.e. trials are independent)
° The probability of success is constant for each trial

The difference is the number of trials. With the binomial distribution, there are a fixed number of
trials but for the geometric distribution the number of trials stops after the first success
The geometric distribution has only one parameter — the probability of success, p.

Notation
X ~ Geo(p), where p is the probability of success
P(X = x) means there are x — 1 fails and then one is success at the end.
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E.g. 1 Achild has a spinner with five equal sections, numbered 1 to 5. To start a game, they must
spin a4 ora5. The child spins until a 4 or 5 is spun. Calculate the probability that they

need:

(a) exactly 4 spins

at most 12 spins

(b) at most 2 spins
(c) at least 7 spins
(d)
(e)

Working: (a)
(b)
(c)

(e)

How many spins are required to be 99 % sure of getting a 4 or 5?

Atleast 7 spinsisP(X >7)=PX=7)+PX=8)+...
However, it is easiest to realise that P(X > 7) is equivalent to

having had 6 fails.

; 729
S P(X >7) = 0.6° = 0.46656 = ———
15625

PX<12)=PX=1)+PX=2)+...+ P(X=12) butitis
easier to consider the complementary event.

e. PX<L12)=1-PX > 13)

Using similar thinking to (c), P(X > 13) is equivalent to 12 fails.

L P(X<12)=1-0.6'=0.998 (3s.f.)

We need to find x such that P(X < x) > 0.99.
Using similar thinking to (d): 1-PX >x)>0.99
1 -0.6">0.99
0.6* < 0.01
Solve using logs: In0.6* < 1n0.01

x1In0.6 < In0.01
In0.01

In0.6
x > 9.015

In 0.6 < 0 so inequality changes direction: x>

So 10 spins are required.
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E.g. 2 Let X ~ Geo(p).
(a) Copy and complete the table.

x| 1 2 3 4 X
PX=x): |

(b) Find P(X > x)
(c) Find P(X < x)

Working: (a)
x| 1 2 3 4 X

PX=x: | p (I-pp A=p?Pp A=-pPp A-p*'p

by PXZ2x)=PX=x)+PX=x+1D)+PX=x+2)+...
Consider P(X >5)=PX=54+PX=6)+...
PX>5=1-PX <4
=1-PX=1)-PX=2)—-PX=3)—-PX=4)

l—p—U=pp—-0=pP’p—-(1-p)p
(1-p)[d-p—1=pp-(1-pp|

= (1 =py’[=p—(1-pyp]

=(1-p)’[1-p]

= (1 -p)*

= 4 fails
So it is easier to think of P(X > x) as x — 1 fails.
SPX >2x)=(1-pr!
Alternatively, if you have done sum to infinity of a geometric
progression:
PX>x)=PX=x)+4PX=x+1D)+PX=x+2)+...

=(1-p~p+A-pp+UA-p*p+...
which is a sum to infinity witha = (1 —p)* !pandr =1 —p

a _(A-p“'p A-p*'p .
S, = = = =(1-p*!
1—-r 1-(1-r)

L PX > x)=(-p)!

()

In general:
® PX=x)=(1-p)'p
° PX>x)=(1-p*! P(X > x) = (x — 1) fails
® PX<x)=1-PX>x+1)
=1- P(x fails)

S1-a-pr
° EX)=—

Pl_
o Var(X)= P

pZ
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E.g. 3 ltis given that the random variable, T, which can take values 1, 2, 3, ... has a geometric
distribution and P(T = 1) = 0.15. Calculate:
@ P(T>=8 (b PT>11) (¢ P(T <£9) (dy  P(T < 15).
Give your answers to 4 s.f.

Exercise
p33 2E Qu 1i, 2i, 3-9, (10 red)

Summary
X ~ Geo(p), where p is the probability of success
P(X = x) means there are x — 1 fails and then one is success at the end.
PX=x)=(-p*'p
PX>x)=(1-p*! PX > x) = (x — 1) fails
PX<x)=1-PX>x+1)

=1- P(x fails)

=1-(1-p)*
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