L6 Further Mathematics Mock Teacher X 22-23 SOLUTIONS [53]

(a) | Obtains the correct determinant. 1.1b B1 dotA=5x4—(—3)X 2
=26
Subtotal 1
(b) | Obtains the correct inverse matrix 1.1b B1F
ACF At |-
FT their determinant el
Subtotal 1
(c) | Selects a method to find either
matrix B or matrix AM
e.g. calculates A'AB with their A
2
or ca!culates 2A +AB 31a M1
or writes four simultaneous
equations in w, x, y, z where B =A'AB
4 e Al
5 121 " 1-3 4lly =z _114 =219 6
B_26[3 5 ][5 12]
Obtains a correct matrix for B or 126 -0 ]
AM ~ 26152 78
. 1 0 47 42 S0
e [2 3] o [—49 32 = [2 3]
1.1b A1F
5 2 1 0
y a correct matrix —4l_3 4 2 3
Plb t matrix M N 2[ ]+[ ]
FT their A" = [i 141
Obtaln§ matrix M 223 A1F
FT their A
Subtotal 3




for n=4. So true for all integers n > 4

(@) x-coord (or y-coord): 4 +34=19 M1 1.1 | Forming and solving an equation

(or—2+-24A=-12) =>4 =5 in 4 for any coordinate

z-coord: 7+4A=17=>41=25 M1 1.1 | Either forming and solving an This second M mark is for

(orif A =5then 7 +41=27) equation (with a different correct | considering a coordinate with a

(or7+4x5+17) solution) in 4 or using the different A (So M2 for z and one
previous value to demonstrate an | other)
inconsistency

Inconsistency so point does not lie on the line Al 2.2a | Full marks can be gained for Correct conclusion e.g. “point not
correctly identifying an on line is enough here” as long as
inconsistency even if there isan | with 2 correct different values of A
error in solving the third —no need to see the word
equation “inconsistency”

[3]

®) | () |ab=1x3+-2x6+2x2 M1 1.1 | Forming the dot product. Can be
implied by —11 (but not 11)

o "—11" M1 1.1 | Their dot product divided by the | _11 pyt can be awarded for 11

) 2 2 2 2 2 product of the (correctly formed) 21
\/1 i \/(—3) Bl e moduli. Allow sin/cos confusion

here

6=122° (3 5f) Al 1.1 | Do not ISW (so e.g. M2AO for 121.5881...
working leading to final answer | If more accurate than 3s.f. accept
of 58.4°) answers in range [121.4 . 121.8]

3]

(b) | (i) | Required vector is axb M1 1.1 | This mark can be awarded for Some evidence of method needed
any non-zero multiple. even if for M1. Could be one correct value,
non-numerical. or correct calculation for one value.

1 -3 -16 Al 1.1 or any numerical non-zero Ignore errors in attempts to
- 2« | _g 2 simplify. Condone incorrect
2 0 multiple e.g. | 1 -16) (2
0 statementse.g. | -8 |[=| 1
0 0
(b) | (ii) | Alternative method: M1 Need both ‘dot product’ Could also be awarded for
1 equations. Ignore lack of t
Assume vector is of the form | p [. Then: 0 considering e.g. | p | and deriving
consideration of | p |.
q q
1-2p+2g=0and-3+6p+29=0 q t—2p+2g=0and-3t+6p+2q=
0
2p—-2g=1land6p+2g=3=>p=1%.4q=0 Al 1.1 | or any numerical non-zero Eliminating e.g. g leads to
1 2 t=2p and then g = 0 and so to
: |1 multiple e.g. | 1 g2
SORERIENTEEILAD 2 i 0 p | but a (non-zero) value for p
0 0
must chosen so that the final answer
is a vector and not a family of
vectors.
2]
3.
Ifn=4,LHS=3*=81 An assertion without calculation such
RHS = 10x4 =40 < 81 =LHS B1 2.5 | Basis case. Comparison must be as e.g. 3*> 10x4 is insufficient for B1.
So true forn=4 explicit and correct BOD statements such as “therefore
true when n=1"
(Assume that) 3* > 10k (for some integer k > 4). M1 .1 | Inductive hypothesis set up

3+l = 353k > 3010k M1 .1 | Considering for k+ 1 and using Asserting 3% ! > 10(k +1) without

inductive hypothesis correctly justification gets MO.

..=30k=10(k+1)+102k—1)>10(k+ 1) Al 2.2a | Showing enough working to Could compare 3k and k+1

since 2k—1>0since k>4 establish statement for K+ 1. Must

i.e. if 3¥> 10k then 3¥*! > 10(k +1) be justified but justification could
beeg k>1.
So true for n =k = true forn =k + 1. But true Al 2.4 | Clear and complete conclusion, This mark must only be awarded if the

following a correct and complete | language and notation in the whole
proof with no incorrect statements. | proof and conclusion is correct.

Must be n >4 not eg 0 or 1 for Al.




4,
(a)

Selects a method to find the value

—2+(-3)x1 -5

of a 3+31=-12+3u = A=u-—5
eg equates the i or K component to 3.1a M1 —2+A=-3—-—u = A=-1-u
form at least one equation in A and
u
Forms two correct equations in 4 p—5=-1—-u
and u 2u =4
Pl by a correct value of a 1.1b A1 :
Pl by a correct value of A or u i=c
Calculates correct values of 1 and A=-1-2=-3
U 1.1b A1l
Pl by a correct value of a
1—4A=a+2u

i 1—-4X(—3)=a+2x%x2
Obtam_s a correct value of a 11b AME (-=3)
FT their A and u a=9

Subtotal 4
(b)
Obtains the correct coordinates of
the point of intersection. i 34+ (=3)x 3 "
Condone an answer of [13] 1.1b B1F e Ll [13‘
-5

FT their A
or their a and pu

Point of intersection = (—6,13,-5)

Subtotal




(a) Coordinates of Q are (8,—3,2) Bl 2.2a
1)
b) cosl120° 0 sinl20°)(8
‘ Coordinates of R are 0 1 0 3|=
—sinl120° 0 cos120°){ 2
. A Ml | 1lla
2 8
'l o 1 o0 |3]|=
2
—£ 0 -05
2
SoRis (—4++/3,3,-43-1) Al | 11b
(2)
) Finds the distance
PR = \/(8—‘(—4+\/§)')2 +(3—'3" +(2—'(—4\/§—1)')2
: g P i M1 2.1
Altematively finds their PR or their RP then applies length of a
vector formula.
\/(12—\/5)2 +(3+443) or \/(—12+\/§)2 +(-3-443)
=204 (=24/51) cso Al |11b
. @)
‘ ﬁ_p—Q:(_12+\/§,0,_3_4\/§)_(0,_6,0):0 hence perpendicular Blft | 1.1b
1)
) PQ is perpendicular to PR so Area = %x POx PR Ml 1.1b
=%x6><x/204=6\/5—1 cso Al | 11b
(2)

(8 marks)




(i) | (detA)=ax3—1x-1 M1 1.1 | Correct expansion of determinant of A
3a+1=25=>a=8 Al 1.1
[2] . . . . o s .
(ii) (System reduces to [ ¥ |- -2 50 no uni que M1 3.1a Sgttmg theu.' determinant to 0 ifitisa | Answer only is ok here
y) = linear function of a.
solution =>) (detA)=3a+1=0
La=-Y Al 1.1
Alternate solution: M1
Multiplying the first equation by 3 gives:
3ax +3y=—6
—x+3y=-6 . !
These two equations are the same if o Or 5‘1“;“"“““8 gives (3a+1)x =0 -
-1 a=—
3a——1-5a—— 2
3
[2]
7.
e} T is a reflection (in 2-D) and in any reflection B1 2.4 | Any point on the mirror line
any point on the mirror line remains invariant... stays where it is...
...and so the mirror line must itself be a line of B1 2.2a | ...so the mirror line is a line of If BOBO then SC1 for any answer
invariant points. invariant points. which is, in effect, a statement that
the mirror line is an invariant line.
Accept “so the line of invariant
points is the mirror line”
[2]
®) For line of invariant points Ar =r B1 1.1
1(5 12)\(x 1(5x+12y M1 1.1 | Multiplying general point into A | Could be awarded for sight of
Bl12 -s)\y) 13lizx-5y Sx+ 12y or 12x— Sy o.e.
- x 1 - - 1 -_
“\y = B(S’H’ 12y)=xor E(le =5y)=y M1 1.1 | Equating and deriving an
equation relating x and y
- s o 2.
12y Sx(oedBy= 1) 0= Ex or Need to check that both
2 Al 1.1 | equations give same straight line.
y==—x+0
3
Alternative method:
Line passes through O=>¢=0 B1 Used in the solution
1(5 12) x M1 Considering the matrix acting on
E 12 =5\ mx a general point on the line
y=mx(+c)
_1(5x+12mx) ( x M1 Multiplying and equating
13\12x —5mx mx
5x+ 12mx =13x and 12x — 5mx = 13mx => Al Need to check that both
equations are satisfied by m=2/3.
m=2/3so y=§x or y=§x+0 q y




Alternative method 2:

1 ( 5 17 ( X ) M1 Considering the matrix acting on
13\12 —5/\mx+c a general point on the line
y=mx+c
_ 1 (5x+12mx + 12c) i c’)
13\12x — 5mx — 5¢ ’
y=mx'+c=
1
13 (12x — 5Smx — 5¢) M1 Multiplying and substituting into
m = +
=ﬁ(5x+12mx+120)+c i i
x(12m? + 10m — 12) + c(12m + 18) = 0
2x(2m+3)(3m —2) + 6c(2m+3) =0
Either we have m = _73 and ¢ can be anything
T Ty Al Finding two correct values of m and
] no others (linking to ¢ not necessary
here)
This gives a single line and infinitely many
which are perpendicular to it. Therefore the
reflection line is the single line (and the
perpendicular ones are invariant lines). Hence £l
we have m =§ and soy =%x
Convincing reason why m=-3/2 is
rejected as a possibility.
[4]
(©) 15 12Y/1 5 . M1 SC: If answer given as a vector
Bliz —s)is) 7| [so Pis (5. -1)] then maximum mark is M1 A1 A0
M1 could be awarded for solving
Ax=(5, 1) to get x=(5, -1)
So required x-coord is ¥2(5 + 1) =3... Al
...and required y-coord is ¥2 (5§ + -1)=2 Al
Alternative method: SC: if using this method but gain 0
Gradient of line PP’ is —3/2 B1 Could be from —1/(2/3) or marks, can get B1 for sight of
-1-5)/(5-1) =(5, -1)
Equation of PP'isy—5=-3/2 (x—1) M1 Using their gradient and (1. 5) or | y——1=-3/2 (x-5)
their (5. —1) to form the equation | y=-3/2x+13/2
of the line
2/3x=-312x+132=>x=3=>y=2 Al
[3]
()] -3/2 B1FT | 2.2a | FT their—1/m from (b) BO for 2/3.
(Since T is a reflection) the invariant lines are B1 24
the lines perpendicular to the mirror line (which
reflect onto themselves)
Alternative method:
1 [ 5 12]{ 5% ] 1 (5x+12ax+ 24] M1 Multiplying any point on the line
13 = =75 e y=ax+ 2 into A and specifying
D2 ae 2 IS\ 2xe a0 that the image point lies on the
—i same straight line.
(12x — 5ax — 10)/13 = a(5x + 12ax + 24)/13 +2
=>12x— 5ax — 10 = 5ax + 12a’ + 24a + 26 Al If12a2+100—12=Oleadingto

=> (122> + 10a—12)x + 36 +24a=0
But true forany x=>36+24a=0=>a=-3/2

(Ba—-2)2a+3)=0thena=2/3

must be properly rejected for Al.

[2]

[7 marks]




(@) | () |GaininKE=%x4.2x4.52(J) M1 1.1 | Correct formula for KE used.
Can be implied by awrt 42.5
Work done by force =35 x 2.4 (T) M1 1.1 | Correct formula for WD by force | Do not allow the assumption that
used. Can be implied by awrt the resistance is constant, e.g. by use
84.0 of suvat, also in part (ii)

Energy lost=84.0—-42.5=awrt41.57 Al 1.1 SC2 if using suvat to find correct
average resistance and hence total
energy lost.

[3]
(a) | (i) [R=41.5/24 M1 3.1b | Their energy loss divided by 2.4

So average resistive force is awrt 17.3 N Al 1.1 SC1 only for 17.3N. if using
suvat/N2L

[2]
(b) | (i) | Other resistive forces (eg air resistance) can B1 33 “No friction™ is not a valid answer
be ignored. here
[1]
(b) | (i) | Need %2 x 4.2 x 4.5 =4.2gh M1 2.2b | Equating KE with PE (4.2 may | If “resistive force™ term included
be missing on both sides). then MO unless recovered.

h=1.033... Al 1.1

Distance = 1.033 /sin20° =awrt 3.02m Al 1.1

Alternative method: Correctly deducing the

a=—gsin20° M1 acceleration up the slope.

02=4.52 + 2x—gsin20°xs M1 Using a suvat equation, or

equations, which lead(s) to s
from a and u given withv= 10
and consistent signs

Distance =awrt 3.02 m Al

[3]




