L6 Further Maths Teacher Y EoY 22-23 SOLUTIONS [72]

(@) () |larg(z) =}tan™* (_?3)

() (i) | or {arg(z) =}tan™(=1)
or {arg(z,) =} — tan™! G)
or {arg(zy) =} ==

or{arg(z,) =}2m — % =—

Bl 2.3

or states should be — 3 not 3 on top

zZ;\ _ _
States that{arg (Z) —} arg(z,) —arg(zy) BI 23
Or states that the arguments should be subtracted

(2)
arg|—) = (their— =) —==t ——
9\, 4) "6 12
Or Blft 2.2a
o (2) = (e 2) 2} 2
arg|—|) = (their—) — =t = —
9\Z, 2) "6 " 12
1)
(3 marks)
2.
813 + 241> +12u—-27=0 Al 2.5 | Must be an equation with integer
coefficients. Allow use of any
unknown.
DR
6 3 -3 9 B1 1.1
Za——z——z. Zaﬂ—j. afy =3
Za':a+ﬁ+ﬂ+7+7+a:2(a+ﬂ+7):__ B1 1.1 | (ie sum of new roots =—3) 01'2=3
a

Sa'p= M1 1.1 | Correctly writing either &/ ¥ or
@+ BB+7)+(B+7r+a)+(r+a)a+p) £ ina fom Inwlving fhe
—aBrays fys ey fa asic symmetrical forms

+ya+yt +ya+ypraf+a’

=a’+ B2+ +3(af+ Py +ya)

=a’ + B2+ 7+ 2af+ Py +ya) + (@B + By + ya)
=(@+p+y) +af+pr+ya

or

a'By'=(a+p)B+y)(y+a)
=(aB+ay+p*+By)y+a)

=(Xap+ )+

=+ ap+p(y+a)
=(a+p+y)Y ap-pY ap+p@p+py)

=Y ay af-BY af+p(ef+py+yx)-aby

=2 a) ap-apy
3 3 Al L1
3 -3 6 3

- a'f'=|—| +—=—==

2h (2) 4 4 2

capy——xB_ 2 218 27 Al | 11

2 4 4 8 8 8




(a) z x= a — bithen zz *x= (a + bi)(a — bi) =... M1 1.1b
7z ¥= a?® + b? therefore, a real number Al 2.4
)
b) z _ a+bi _ (a+bi)(a+bi) _ (a®-b*)+2abi _ 7  42i z _ 72 _ z* N
' z+  a=bi  (a=bi)(a+bi) a?+b? ) o T 18 M1 1.1b
2 . . 7 4V2i . ’
z? =14+ 8V2i or a+bl=(3+T)(a—bl)= +..10
Forms two equations from a? + b%? = 18 or M1 3 1a
2_ 32 2 32
18 9 a24b2 9 18 9 az+b2 9 9 9
Solves the equations simultaneously dM1 L1b
e.g. a’> + b? = 18 and a? — b? = 14 leading to a value for a or b )
z = +(4+V2i) Al | 22a
S
(7 marks)
4,
(a) | Draws a circle with radius 2 1.1a M1
or centre 2i Im 4
Condone a freehand circle if |
intention is clear. °
4_
Draws a circle with radius 2 ¥
and centre 2i 21
1
and no other curves seen. 1.1b A1
3 -2 -1 0] 1 3 5 Re
Condone a freehand circle if -1
intention is clear.
Subtotal 2




(b) | Draws a half-line from O into the 1t | 1.1b B1 Im ¢
quadrant at an angle of more than 5-
45° to the real axis.
4_
and 3
no other straight lines seen. 21
1 -
3 -2 10 1 2 3 4 5 Re
-1
Subtotal 1
(¢) | selects a method to find the
maximum value of |w|
eg identifies a triangle with the
diameter (or radius) as a side and
the intersections of their loci as two
of the vertices.
3.1a M1
eg forms a suitable equation in .
max le or xmax|w|0r ymax|w|
5,
eg substitutes y = x tan (g) into 4
(x— 0)2 + (y - 2)2 = 22 3 2
Obtains a correct expression for 29
max|w| Ny
6
Or obtains a correct value for = 5 o b T 2 & 4 B R
Xmax|w| and Ymax|w| -1
2.2a A1
May be unsimplified.
T
max |w| = 4cosz
Pl by 3.46 or 3 or 1.73 or better
=2V3
Note: Xmax|w| = \/§; Ymax|w| = 3
Obtains the correct maximum value
of |w
wl 1.1b A1
Accept 3.46 or better.
Subtotal 3
5.
(@) p+p*=039 M1 L1 | UseZp=1
p#-13as0<p<l1 B1 2.3 | Explicitly reject —1.3. with reason, E.g. “must be positive™. Not just “reject™
allow0<p<1etc or “invalid”
p=03 Al 1.1 | Final answer 0.3 oe and nothing else | Can get this even if B1 not gained
[3]
) EX)=ZxP(X=x)=2.18 M1 1.1 | Use ZxP(X=x) to get E(X)
Var(X) = 5.68 — 2.182 (= 0.9276) M1 1.1 | Use ZX¥’P(X=x) — [EX)]? Var(X) = 3.5 from 5.68 —2.18: MO
0.9276a4* = 23.19 M1 1.1 | a®xtheir Var(X) =23.19 (not @’E(X)) | 2.18a?=23.19: usually M1, 000, M1A0
=2a=5 Al 2.2a | a=5 or awrt 5.00 /no fi] Ignore negative a and any value of b
2.18a+b=23.19 M1 2.1 | Use their a x their 2.18 + b=23.19 obtained from it, e.g. (-5. 34.09)
=b=12.29 Al 1.1 | 12.3 orawrt 12.29 CWO
[6]




6.

“minimise a2 if clear from diagram

Ho: ps =0, Hi: ps > 0, where p; is the B2 1.1 | One error, e.g. os not defined in SR: Ho: No association between orders
population value of Spearman’s rank 2.5 | terms of population: B1. in the two races, H;: positive
correlation coefficient Allow p or 7; rather than o association: B1 max
Td’=1+4+9+1+0+9+1+9=34

rs=1—6Zd*/(8x63) or 3.125/1/5.25? M1 1.1 | Use Zd? and correct formula Allow use of pmcc formula here

=0.595(238) or % Al 1.1 | Exact or awrt 0.595

<0.6429 Al 1.1 | Not <0.6215 (pmcc)

Do not reject Ho. Insufficient evidence that Mift 1.1 | Consistent, ft on their TS Needs recognisable attempt at 75 and —1

those who do well in one race tend to do well | A1ft 2.2b | Contextualised, not over-assertive. <r;<1.  Allow from r; < 0.7381

in the other. [7] Not “sig evidence that Hy true” (2-tailed test) or from < 0.6215 (pmcc).

7.
(a) G x 3¢ +10¢s M1 1.1 | Two correct terms: M1AO Numerator (= 100) can be
A1 1.1 | Completely correct expression 303 30 +30 < 30y < 201+ 303 X 2Oy
= 2_§ or 0.397 (0.396825...) Al[31 1.1 | Answer, exact or awrt 0.397
OR BXexix3x5 [= 1] Bi
x3Cs [— 10] M1
= %31 or 0.397 (0.396825...) Al Answer, exact or awrt 0.397
®) 7! x 3! x 2!+ 10! M1 1.1 | Two correct terms: M1AO E.g. (6x3!) x (6x2!) + 10!: M1AO
Al 1.1 | Correct expression
= 61_0 or 0.0167 (0.01666...) Al 1.1 | Answer, exact or awrt 0.0167
B3
2L oD satlon Pt =l i i ipli

OR SxExix2xl [=545] B1 Five equivalent probs multiplied
x'Py  [=42] M1 Needs at least 3 probs
= 7‘% or 0.0167 (0.01666...) Al Answer, exact or awrt 0.0167

© DR (Decide first whether candidate is Equivalent:
|x|x|x|x|x|x|x]| (x = non-Calculus) M1 3.3 | using direct calc or the complement) | (same barrier idea M1)

Use of barriers clearly indicated Pair can go in 8 places, single in 7
Pair can go in 8 places, single in 7, and 3x2 Al 3.1b | Correct application of strategy AAAAATT arranged in 'C> ways M1
ways of choosing the pair in order This gives 21x56 = 1176 ways Al
Total 7! x 8 x 7 x (3x2) + 10! M1 2.1 | x71=10! Total arrangements 10!/(5!3!2!) = 2520
= & or0.466... Al 2.2a | Final answer. exact or awrt 0.467 Therefore answer is 26 =1 Al
[4] SR: If MO. 7! or 8!xintegers+10!: B1
OR P(all 3 Calculus fogether) =8 3! E 1] B1 OR Two calculus books at end: Or other valid strategy.
10! 15 [%x%x%]xZ M1
P(no Calculus book is next to another) Two calcs books together, not at end:
_@ 76 B1 7 6
o EZ X% Lol 3§ X ]x 7 M1
1 —P(all 3 together) — P(all separate) M1 Total = % + 2—70 Al (A1 for both expressions correct)
=1- 1- Z=Z 0r0.466... Al =& or0.466.. Al

@ | @ The values of d do not depend on any other B1 1.2 | Either of these points. Not just “equal increments™. Need to use
variable in the experiment and they may be (or [1] the nature of d. not its values
are) selected by the experimenter.

(a) | (i) [ visadependent, response variable B1 2.5 | Both needed. Not “uncontrolled”

11
() v=0.329+2.71d B2 1.1 | One error, e.g. wrong letters: B1 SR all 9 points: v=d + 0.7 B1. SR: if
2] 1.1 | In[0.328, 0.329] and [2.71, 2.72] BO. give M1 for correct subst into b seen
© 1.69 (1.6857) B1 1.1 | Inrange [1.68. 1.69] No FT
[1]

@ Quite a big difference (between 0.4 and their | B1ft 2.4 | Comment on statistician’s statement, | Ignore any comment about extrapolation
1.69) so statistician is likely to be right/it may 1] not over-certain, ft on their 1.69. (irrelevant here) or outliers. BO if clearly
well be an anomaly wrong comparison used

Q] Draw regression line and 2 or more verticals B1 1.1
State that equation minimises sum of squares | B1 2.4 | Needs “minimises”, “sum”, and Allow “average” or “total” instead of
of vertical distances (“residuals™) 2] “squares” or “residuals”. Allow “sum”. Distances shown not vertical: BO

Not just “minimise sum of squares™




(a) Po(14.4) B1 3.3 | Stated or implied Allow just “Poisson” if 14.4 used in (b)
[1]
® | @ |1-P=20) M1 1.1 | 0.094(0) or 0.0372: M1AO 0.06 or 0.060: M1AO.
=0.0604 (0.060351...) Al 1.1 | Inrange [0.0603, 0.0604] NB: be aware that 0.94 is MO.
12]
() | (i) 141447 Ll 1447 M1 1.2 | Correct inequality
¢ r! € (r+1)!
=r+1>144s0r>134 AG Al 2.1 | Correctly derive AG, allow = One further intermediate line needed,
2] throughout until conclusion condone omissions of brackets
®) | i |14 B1 3.4 | 14 only
[1]
© 14 (or 14.4) is some way away from 10 (and B1ft 3.5a | OE. FT on their mode. Not too Allow “the population parameter may
10 is based on a large sample) so a Poisson 1] definite — not just “invalid™. not be close to 14”, but not “the mode
distribution (or A= 14.4) is unlikely. P(R = 10) = 0.0589 irrelevant may not be 10”. Not 10 = 14. BO if other
wrong or irrelevant statements seen
@ P(10) > P(11) (and > P(9)) = A <11 M1 3.4 | Either A< 11 or A>10 (or A > 10)
10<A<11 Al 1.1 | This or exact equivalent only, but Allow M1A1 ifboth A< 11 and A> 10
[2] allow 10 < A <11, allow u seen but wrongly combined at end
10.
Ho: no association between delay and direction | B1 1.1 | Or: delay and direction of journey Ignore any statements involving
of journey. Hj: there is association are independent, etc. Context needed | parameters (e.g. p)
Er: 552, 64.8. 82.8, 97.2 B1 At least 2 correct to 2 SF Can be implied by correct X
X2=1.248 + 1.063 + 0.832 + 0.709 M1 MO if formula stated incorrectly E.g. 5.045 from no modulus: MO
Allow from no Yates (4.33). 1.403 +1.195+ 0.935 + 0.797 = 4.33:
=385 Al 1.1 | No Yates: loses this mark only MI1A0
>2.706 Al 1.1 | Explicit comparison with 2.706
Reject Hy. Significant evidence of association | M1ft 1.1 | Consistent, ft on their TS M1 and A1l need comparison with
between delays and direction of journey. Alft 2.2b | Context needed, not over-assertive 2.7(06) or 3.84(1)

[7]




