L6 Further Mathematics EoY Teacher X 24-25 SOLUTIONS [72]

1. )
Circles correct answer AO1.1b B1 y=0
2.

(2 3 1)(x) (1 M1 1.1 | Reduction of system to matrix

[1 ) _4][ ]=[40 form sot
s 6 -1)lz) let
2 3 1\ ‘96 14 B1* 1.1 | BC. Could be embedded 0208 0024 0.112

[1 2 4l =L 0 Inverse matrix correctly ~0.152 -0.056 0072

s 6 -1 125 % 57 evaluated 0128 0216 —0.008,

(x 26 3 14 M1 1.1 | Correctly using the inverse Can be incorrect inverse for M1
y 1l 0 -7 olao matrix: (r =) Ab. Itmustbe | Allow M1 for expressions of the
| 125 16 =27 -1le clear that a matrix method is form A-'b

\</ - - .

’ being used.
x=8,y=2,z=-9 Al*dep | 1.1 | Could be seen in vector form Correct answer with no matrix
but x, y and z must be forms shown (with or without other
appropriately seen. working) is 0/4.
Need to have earned the Bl
[4]
3.

Uses distributive 3.1a M1 (a—4b +3c) x (2a)=a x 2a—4b x 2a + 3¢ x 2a

property of ~0+8axb-6axc

cross-product.

Condone one 16
numerical error.

-18

Usesaxa=0

Plbyonlyb x a
y ony 1.1a M1

and ¢ x a terms
remaining
Uses
anti-commutative
property of 1.1a M1
cross-product at
least once.

16
Obtains | 8 1.1b A1
-18
Question total 4




@

a 4 2

Forreference: N={5 1 0

3 6 3
a’+26 4a+16 2a+6
N2=| 5a+5 21 10
3a+39 36 15

M1

M1

Al

1.1

1.1

1.1

A 3 by 3 matrix with at least three correct (simplified)
entries.

A 3 by 3 matrix with at least two correctly simplified rows
or at least two correctly simplified columns.

cao

3]

(b)

1 0
6 3

detN=a

50 51
—4 2

+
3 3 3 6

M1

Al

1.1

11

Correct method. May see a(3—0) —4(15—0) +2(30 - 3).
Ignore sign errors in 2 x 2 determinant calculations, but
cofactors must have correct signs. Do look out for
expanding by other rows and columns.

If using Sarrus’ method, must see correct 66 and 3a + 60.

a\|(4) (2 a\(k
Orfor |54 1(x| 0| =[5k, |(oe) with at least one
6) (3 3\ k

3
of k, =3.k, =0.k; =—2 correct.

(O3]

cao

12]

©

11.6 x detN

For example,
Upper bound is 11.65 x (3x13.5 — 6) =401.925
Lower bound is 11.55 x (3x12.5 — 6) = 363.825

So, the student’s claim (that the volume is less than 400) is not
necessarily true.

M1

Al

Al

11

3.1a

2.2b

Or k x det N where 11.55< k£ <11.65 and

12.5< a <13.5 in their det N from part (b). If not
calculating the correct UB and LB (from a correct
determinant) then we must see either a correct calculation
(for their determinant from part (b)) or they must state. the
values they’ve used in their calculation for both @ and the
volume of S, to award any marks.

For either correct upper or lower bound, or any correct 7>
for any value of @ between 12.5 and 13.5, and 11.55 < V; <
11.65. Allow answers rounded or truncated to the nearest
integer or greater degree of accuracy.

Demonstrates that there are values of 12.5< @ <13.5 and
11.55 < % <11.65 such that both ¥ > 400. and ¥ < 400 and

concludes that the volume may be greater or less than 400
(depending on a more accurately determined value of a and
the volume of S7). Conclusion must indicate that the claim
could be correct but not necessarily so (oe).

If MO then SC1 for LB = 144.375 and UB = 157.275 (using
13 for det N).

3]




o(x) Direction: £ (3 +4j ~ 2k — (~2i-8j-3k)) Ml | Lb
e.g. r=3i+4j-2k+ A(5i+12j+k
8 J ( : ) Al 2.5
r=-2i-8j-3k+A(5i+12j+k)
(2)
(b) z=0=>2+A=0=>1=2=C=.. Ml 1.1b
A=2=C is (13, 28, 0) Al | LIb
(2)
© (5i+12j+k)(2i+4j-2k)=10+48-2 ML | 3.1b
56
56 =52 +122 +1°N22 + 4% + 22 cos 0 = cos O = ———— Ml | 1Ib
J17024
= @ = awrt 28.8° Al 1.1b
3
6.
Calculates AB or BA with at 1.1a M1 [p-2 p-1][1 2p-1
least three correct elements. AB__ 0 1 |lo 4-p
_[p-2 (P—2)(2p—1)+(p—1)(4—11)}
Calculates AB and BA with at 12 M1 L 0 , 4-p
least seven correct elements. ' _|p=2 p-2
L 0 4-p
Uses AB = BA to form a )
quadratic equation in p and 1.1a M1 |1 2p-1||p-2 p-1
obtains at least one solution BA = 0 4-p 0 1
[p-2 p-1+2p-1
Lo 4-p
_[p-2 3p-2
Completes a reasoned 0 4—p
argument to obtain p =0, 3
A and B are commutative, hence
Must have stated that since A 2.1 R1 AB = BA
and B are commutative (under
matrix multiplication,) Thus
AB =BA p>-2=3p-2
plp—-3)=0
p=0,3
Question total 4




7.

Basis case:n=1 B1 2.1 | Al and ax1 must both be seen Accept “=A" instead of “therefore

1(1 ax1y_(1 a _ explicitly. true when n=1"

a=( “1)-0 D

[So it’s true when n=1]

Assume true for n = k so assume M1 2.1 | Setting up the inductive

Ak = [ 1 ak] hypothesis properly.

0 1
ki aka |1 ak‘[l a ) M1 1.1 | Considering A¥*! and using . (1 ak+D
~Af=A A_[O 1 ' 01 by our their inductive hypothesis. Jumping to A™* _(0 1 j
A\ : k
inductive hypothesis. Could also consider AA without seeing the two matrices
multiplied together first scores MO.
wa (1 a+ak) (1 a(k+1) Al 2.2a | Must see at+ak appear before
A = |: . .
0o 1 0 1 being factorised.
So true for n =k=>true forn=k+ 1. But Al 2.4 | Clear conclusion for induction | If BO not awarded as A! or ax1(or
true for n = 1. Therefore true for all [integer] process. Must mention both both) not seen allow Al here (but
n=1. basis case and that statement must have attempt at base case)
true for k implies true for k+ 1.
BOD missing the word integer
[5]

8.

Obtains 3x + 2kxand —4x+5kx | 1.1a M1

Accept any letter for &

Condone use of y=kx+c

Or

Uses det (C — Al)

Substitutes their x' and ' in For an invariant line y = fx

y =k 3 2| x| |X

Accept any letter for k -4 5| kx V'

=kx 1.1a M1
Condone use of y=kx+c 3x+2kx=x"
—4x+5kx =y’
Or ’ ’
Expands det (C — l) V' = kx
—4x +5kx = I (3x + 2kx)
Deduces —4 + 5k =2k?+ 3k
2K 2k +4=0OE 2k ~2k+4=0
A=22-32=-28
Or 2.2a A1
A <0
2 _ .

A" —81+23=0 The equation has no real roots,
so there is no invariant line of the
form y = kx.

Completes a reasoned

argument justifying that the

quadratic equation has no real

roots to prove that the

transformation represented by C 21 RA1

has no invariant lines of the form

y=hx

If y=kx+cis used then must

stateand use c =0

Question total 4




9

P = Fv=>12000 = DXVmax

B1 3.1b | P= Fv used correctly to link Could be embedded in F=ma
“driving force” (D) and equation. Or 222 seen (as driving
maximum speed. . 10 -
orce)
At maximum speed D—R =0 so M1 1.1 | Statement of F=ma witha=0 | Could have value(s) embedded.
P/vmax — kvmax = 0 with R = kvmax used
=120 40k =0=>k =120 Al 1.1 | vmax=10. P =12000 May be seen embedded
10
D-R = ma => 22°°°_"120"v = 360 X 1.5 M1* | 3.1b | Statement of F = ma with May see v = ——2 _ysing v = —
v P=Dvand R=kvand m=360 S40+1200 T D
and a= 1.5 used
=> 12000 — 120V = 540v Midep | 1.1 | Rearranging to 3-term quadratic
[=> 2V +9v—200=0] equation
v +25)(v-8)=0=>v=8 [orv=-12.5] Al 1.1 | Both values correct if present, Could be BC
A fully correct solution implies
the previous M mark www
But speed must be positive. so speed is 8 (ms™) AIFT | 3.2a | Both values seen and rogue
solution explicitly rejected, with
valid reason.
FT solutions to their quadratic (if
a negative solution is validly
rejected). Insufficient explanations:
“Going forward™;
Reason could be that velocity “Cannot be negative as it is
and resistive force must be in accelerating™/”acceleration is in the
opposite directions (have positive direction™;
opposite signs). ‘“a cannot be positive when v is
Accept reference to scalar nature | negative, because power is
of speed positive™;
[7]
10.
DR Argument could be based around
Correct use of dimensions using a suitable M1 May not be fully simplified. units. eg 1 W=11J/s=1Nnvs etc
formula for at least one of the terms in the until dimensions reached.
equation
[P]=[F¥]=MLT2LT!=MLT3 Al 2.1 | Using a suitable relationship
(or [WD/1]) involving power and quantities
with determinable dimensions to
derive [P]
av] [m? Condone missing k1. Derivation | Need to get correctly to the answer
1 term: [kl’"" Ejl {T} =MT'YT! Al 3.4 | must be convincing.
- ML2T—2'I‘—1 - mZT—S
2% term: [kamgv] =M LT2 LT =ML?T Al 2.2a | Condone missing k2. Derivation
must be convincing.
3" term: [k3E] = ML?T"3 since a rate of energy Al 3.5a | Condone missing k3. Can be
loss will have the same dimensions as a power explained using rate of change
of energy or done as [P] above.
So, because the constants are dimensionless | Al 2.2a | Explanation must deal with &’s

and because quantities of the same
dimensions add to give quantities of that
dimension, LHS and RHS have same
dimensions so equation is dimensionally
consistent.

[6]

if these are not included in at
least one of the above.
Argument must include dealing
with + (ie different terms) and
must reach a clear conclusion.
May see the addition in a
formula.

Do not allow “all the parts have
the same dimension so you're
able to add the terms” — needs to
conclude with dimensions of
sum

Condone [] seen around M.L.T




11.

>-325=>-7-9e¢>-13
2
=>9e$6:e$§

But0<e<1so 0<e<

W

[6]

and lower limit of 0 required.

@ | O 712 g me?) Bl | 11
r 18
1]
(a) | (i) | Towards O BIFT 1.2 | Acceleration in part (a) must be
> 0 for this mark
[1]
®) | () |v=ro=18x8=144 (ms?) B1 1.1
[1]
) | () | a=rw’=1.8x8 (=115.2) M1 1.1 | Using formula for radial
=>T=ma=0.4x“115.2” acceleration and F = ma with
tension as only force.
=46.1 (N) Al 1.1 | 46.08
[2]
(©) KE = ¥5x0.4x“14.4™ (J) (= 41.472 J) M1 1.1 | Finding ‘initial’ energy...
“41.472”=0.4gh M1 1.1 | ...and equating to final PE. Allow sin/cos confusion if
Or...= 04g X20siné expressing A in terms of 8
=>h=10.579... so 8= sin"}(10.579.../20) = Al 1.1 | NB as degrees are specified in SCB2 for 8= 31.9° from a non-
awrt 31.9(°) the question, an answer in energy method e.g. suvat:
radians (e.g. 0.557) scores A0 14.42=2x9.8 x h=>h=10.579...
[3]
12.
(@) M1 3.3 | Attempt at conservation of 4 terms, each of correct form.
momentum Condone 1 error, e.g. sign error
M1 1.1 | Attempt at NEL Allow 1 error, but not approach
and separation speeds reversed.
maus + 5(=2) = ma(-3.25) + 5(0.5) Al 1.1 | Both equations correct and FT their value of ma if substituted
0.5—(-3.25) —075 consistent with each other into the COLM equation.
uy—(-2)
3.75=0.75u4 + 1.5=>us=... M1 1.1 | Solving to find w4 or ma4 From their attempt at COLM
3ma—10=-3.25m4 +2.5=>6.25m4=12.5 and/or NEL
== My=...
us=3 Al 1.1 | Both correct, could be BC Both correct from correct equations
ms=2 implies the last M1
[5]
) KE Before=2X "2" X "3"2 + 1 x 5 x 22 BIFT 1.1 | Total KE before (FT their Allow one slip
=199 2 2 values for u4 and m.)
KE After =§ X "2" x 3.25% + % X 5% 0.52 M1 L1 Allow one slip
=11.1875(J)
% KE Lost = (1 —=-7) X 100 = 41.11 .. Al | 22a
Hence ~ 41% AG
[3]
(©) 5(0.5) +3(-5.5)=5Vs +3Vc M1 1.1 | Attempt at conservation of 4 terms, each of correct form.
momentum Allow one error
NB V3 = -3.25 may be substituted
from the start.

Ve—Vp M1 1.1 | Attempt at NEL Allow one error, but not approach
€= 0.5—(=5.5) and separation speeds reversed.
Vce—Vs=6eand 5V +3Vc=-14 Al 1.1 | Both equations correct and Could see e.g. V. + Vj if assumed

consistent with each other to be going in opposite directions,
May be unsimplified e.g. if Vp is assumed to be negative
3Vc—3V=18e=>8Vp=-14—18e M1 1.1 | Solving their two COLM/NEL | Or getting an equation for e if
Ve —14-18¢ —7-9% equations simultaneously to VB = -3.25 previously substituted
B 8 4 reach an expression for ¥z or V¢
in terms of e only. Allow 1 error
—14+30e -7+15e
Ve=—""TF-
8 4
No further collision => V3 >-3.25 oe B1 3.1b | Correct condition for no further | Must be consistent with previous
collision. Condone >, equations;
allow ‘=", but not ‘<’ or “<” Award this for substituting
VB = -3.25 into both equations at
the start
—7-9e Al 1.1 | Inequality signs must be correct




