L6 Further Mathematics EoY Teacher X 23-24 SOLUTIONS [74]

1.
¥ Bl
their y
z=——=—=_{1} Blft
3
Uses z—3y=k=k=—8 and
x—3z=k = x=k+ 3z = their £+ 3 xtheir z
leading to a value for x M1
Alternatively
uses x —3z =k =z —3y with values for y and = to find a value for x.
x=-5 Al
2.
DR M1 3.1a | Attempt to expand the This mark can be awarded with @ =
detA = a(a(a — 1) — 4x(=13)) — (=6)((a + 9)(a - determinant. If using standard 2 substituted (ie attempt to find
1)-0)+ (a—3)((a+9)-13)-0) method must see at least two 2 -6 -1
terms, at least one of which 11 2  4|)but working must be
comprises + a number 0 -13 1
multiplied by the residual
determinant. eg EEO;II;-) eg2(2+52) - 11(-6 - 13)
a(a(a—1)—4x(-13)) - (a +9) ¥ ]
(6)(@—1)— (a—3)(-13)) Allow other correct methods.
=a> — 8a® +22a +297 Al 1.1
@ — 8a® +22a +297 = 23 — 8x22 + 22x2 +297 M1 2.2a | Setting up equation equating
(or @® — 8a* + 22a +297 = 317) their determinant to their
specific determinant value for
a=2
@ —8a®+22a-20=0 M1 1.1 | Rearranging to = 0 and use of Need some evidence of how to
aXa-2)—6a(a—2)+10(a—2)=0 factor theorem to derive a solve cubic (Not just cubic written
a*—6a+10=0 quadratic equation in @ by and then roots BC). Need to see =0
dividing by (a — 2) on one side of cubic (but it might
disappear after this, e.g. when
dividing by (a-2))
(@a-37%-9+10=0 M1 1.1 | Attempt to solve quadratic 6462 —ax1x10 6+J4 6+2i
(@a-37%=-1 involving V-1 =1 oe %1 TS T,
a-3=4
(@a=)3ti(anda=2) Al 1.1 | Both. No need to mention ¢ =2 | SC — if third and/or fourth method
Don’t need to see “a=" explicitly | mark not awarded then allow SC
B1 for sight of 3 +1.
[6]
3.
2 B1 2.2a | Knowledge that perpendicularity
p.l 6 |=0 implies that scalar product = 0,
3 used anywhere in solution
2a%+6(a—5)-3x26=0 M1 3.1a | Using the scalar product to set
up a quadratic equation in @
=>2a*+6a—-108=0 Al 1.1 | Correctly solving the equation a*+3a-54=(a-6)(a+9)=0
=a=6ora=-9 (could be BC). Might only see a 32 225
=6 here. (12+3(1—54=(a+—] -
2 4
a = -9 leads to negative y component (—14) so Al 2.3 | a=-9 or brackets (a-6)(a+9) Accept “all components must be

a = 6 1s the only solution

[4]

must be seen in solution and
then @ = -9 explicitly rejected
with rationale

positive” for rationale.
Do NOT accept “a must be
positive” as sole rationale




6

1
1 -2 1 -2xl1
= 5 (so true when n =1)
0 1 0 1

B1
(Assume true for n = k, then)
k+1
1 -2 1 2|1 -2k 1 2k)1 -2 M1
= or
0 1 0 1)0 1 0 1 )10 1
1 2k-2 1 -2-2k
= or = Al
0 1 0 1
1 2(k+1
0 1
Hence result 1s true for n = k£ +1. As true for » = 1 and have shown_if Al
true for n = k then it 1s true for n = k +1, so it 1s true for all ».
)]
5.
4
a) | Forms the product M[s} 1.1a M1 When p =0, then
[64 " 4 _ 1 1214
oMl 51 [2 a5
May use the letter M, or M in terms 64
of p, orwithp =0 - -7
.. the image of (4, 5) is (64, —7)
Completes a reasoned argument to
prove the required result. 2.1 R1
Condone no conclusion.
(b) | Multiplies M (or M™") by {x} and 1.1a M1
Y

Accept y replaced with mx or

e 12y :1 6x
=—-X
.
Multiplying the top row of M by their 1
X 11a M1 The gradient is >
y

Obtains correct gradient 1.1b A1

equates to {x} [_5 12}{1 |:x
y =
0 1
PI e

So-bx+12y=x and Ox+y=y

}




driving force is constant but in practice this will
not be the case (since the oars go in and out of the
water periodically)

Or: Rower may get tired (& reduce power output).
Or: Speed may vary, hence power will vary (if the
force/resistance is constant).

propulsion of a rowing boat is not
required.

If mentioning change of resistance.
force or speed. this must be linked to
power output.

(a) Initial KE = % x 31 Bl 3.4 | Used in solution 1.514%

PE when at rest = 3gx(3.2 — 3.2c0s60°) M1 3.1b | 24g/5 or 47.04 or 4.8g. Attempt to Assuming zero PE level at lowest
use mgh to find the PE at the instant | point. Otherwise this mark is for
that P comes to rest attempting to find the difference
Use of suvat is MO between PE when at rest and PE at the

bottom

32=2%49 M1 3.4 | Using energy conservation and their

2 5 e)z(pressions to set up an equation in
u

u=5.6 Al 1.1 | No need to eliminate negative value
explicitly here

[4]

(b) Assume that air resistance is negligible B1 3.3 | Any sensible specific assumption Ignore references to assumptions
E.g. no air resistance stated in the question, e.g. no friction
P is a particle/has no dimensions between P and the surface. “other
forces”, “does not come off the

“No resistance to motion” surface”
“No energy is lost to the
surroundings”
“No other forces acting”
are insufficient

(1]

7.

(@) 2.4m (+0@m))=(m+ 3m)v M1 1.1 | Conservation of momentum with 4 | Treat consistent calculation using mz =
and B having some post-‘collision’ | m (possibly combined with mz4 = 3m)
velocity and initial momentum >0 | as MR.

Can be awarded if seen in (b)
4v=2.4=>v=0.6so speed of Bis 0.6 (ms™) Al 1.1 mp=my=m=>v=12
mg=m, mg=3m=>v=18
[2]

(b) Impulse on B = change in B’s momentum = M1 1.1 | Using I=Amv

3mx0.6 (= 0(3m))

so magnitude of impulse is 1.8m (Ns) Al 1.1 | Do not allow -1.8m mg=mgq=m=>1=12m

mp=m. mg=3m=>I=18m
[2]
8.

(a) 450/0.5 — 150 = 240a M1 3.3 | Using F = ma with m substituted in
and a force derived from P = Fv and
the resistance force as negative

a =3.125 so the maximum acceleration is awrt Al 1.1

3.13 (ms )

[2]

(b) 210=Dv ML | 34 | Useof “P=Fv”orp = “*with 210
substituted in

Constant speed => a = 0 =>210/v = 150 M1 2.2a | Using F=ma with a =0 to deduce | 21 = 15%¢
the required force (soi) B

v=14 Al 11 Or¢ =203 o

t=350/1.4=250s0 250 seconds Al 1.1 | 4 minutes 10 seconds

[4]
©) The model assumes that the power and hence B1 3.5b | Detailed knowledge of the mode of | Allow any response along the lines

that any human way of providing
power will not in practice be constant.

1




o~ Thisis
unlikely to be correct since it suggests, for
example. that the total work done becomes
(very) small or negligible

§<0

Condone “not correct/incorrect”
Answers referring to t = 0 are not
valid for this question

(a) @) | Sm+ 3)m=(2)m+mvs M1 3.4 | Conservation of momentum u, must be > ug oe
vs=4 Al 1.1
in the direction of motion of 4 before the Al 1.1 | Must be clearly stated or shown. e.g. | Direction of B is reversed
collision oe consistent with arrow on diagram
31
(i) |e=4-(-2))/(5-(3)) M1 3.4 | Attempt at restitution - condone sign | 0 < (+)e<1
error as long as consistent Must have sufficient detail, e.g. 6/8 on
its own is MO.
=6/8=% Al 1.1 |AG
2]
(iii) | Initial KE = Y%5x4x5% + Yax4x(-3)* = 68 () M1 3.4 | Attempt to calculate total initial or Or KE loss for 4 = Yax4x5% — Yaxdx(—
Final KE = Yax4x(-2)* + Vax4x4? = 40 (J) final KE 2)? =42 J or KE gain for B = Ysx4x4>
Both values must be positive CYdx32=141
so loss is 68 —40 =28 (J) Al 1.1 427-147=28]
[2]
(b) e=4/4=1 BIFT | 1.1 |FT their vz provided that Allow e = 1 without working,
0 < e <1 (using their values in (a)) provided (a)(i) is correct
The collision is perfectly elastic. BIFT 1.2 | FT their e provided that Do not accept phases such as
0 < e <1 (using their values in (a)) “completely elastic”
[2]
© (=2)m +()m=mVs+mVz Mi1* 3.1b | Conservation of momentum with (if “positive” direction reversed:
consistent signs. 2m + 4m =mV.4+ mVz)
2V, +2Vp=-12 MO if approach speed < 0
Ya=V—Va) /! ((-2)—(4) Mi1* 3.1b | Restitution with consistent signs Allow use of e (e.g. Vg -V, = +2e)
2 VB - ZVA =3
2V4+2Vp=-12 Milde | 1.1 | Attempt to solve both their equations | Allow use of ¢ (e.g. V; = (3 +e) or
2V -2V4=3 P simultaneously and reach a solution | Vz = (3 —¢))
VB=...01‘V,4=... fOl‘VAOI'VB
Vg=-2.250r V4=-3.75 Al 1.1 A numerical value is required here
(may be implied by a correct final
answer).
Impulse on 4 = change in 4’s momentum Al 1.1 | Ignore wrong units ISW e.g. any statements regarding
=4(-3.75-(=2))=-7=7(Ns) direction of travel
[51
10.

@) [P]=MLT?/L>=ML'T? j:31 1.1 | Penalise wrong dimensional Penalise + instead of x when
symbols only once as accuracy combining dimensions only once as
mark. accuracy mark

1]
(b) [Vamu®] or [Vamy?] or [W] = ML?T™ M1 1.1 [ % not necessary
[mP]=M>LT so the equation is Al 2.1 | Correct dimensions for mP and
dimensionally inconsistent conclusion
(2]
(©) [RHS] = [MPIL* A T<@* 7 o M1 3.4 | egRHShasnoM
while LHS has M so the equation must be Alft 2.4 | or “some M” oe and [7] = ML*T~ so comparing
dimensionally inconsistent Or “no M” compared to LHS indices leads to a contradiction
Ignore one minor slipinL or T Allow incorrect expression for [/7]
from part (b). provided it includes an
element of M
[2]
(d) | () | Because there are 4 unknowns and DA can only B1 2.4 | Must be specific comparison. Must show all 3 equations, not just the
give us a maximum of 3 equations Or 3 equations in 4 unknowns seen | two that involve @, f and &
(condone one slip), with
appropriate comment about the
equations in L and T at least
1

@ | (i) | ML’T?=L’T°LAT A T° B1ft 3.4 | Correct dimensional expansion of | M7 L3*#Té-3-28
both sides with &= 3 substituted at | Award if seen in part (i) (with a= 3)
some point (using their [7])

M: 1=y M1 1.1 | Correctly comparing indices for all | MO0 if M does not appear on both sides
L:2=3+4 three dimensions. Allow 1 slip of the dimensional equation
T:2=5-3-28
B=-1.y=1.5=-1 Al 1.1
[3]
(@) | (iii) The resultant formula is W = ku®m B1 3.5a | Correct conclusion from their Condone statements such as ...

because work done decreases as time
increases” oe, (Which contradicts the
expectation of a positive relationship
between W and t)

(1]




11.

cos@ cannot be —5/3)

5vV15m 4157 V15 3
_ _ = —-m, so difference
14 14 14

At

o . .. 415
in time periods is T (s) oe

to appear without working.

2w
Use of "w = =—"

and finding the time difference.
(For reference: 0.86909...)

(a) For P: & Ts = 1.5 X 5w? (= 7.5 M1 3.1b | NII for particle P using @ = > | Condone use of m and r
Ts,and Ts,must be in terms of w | SC1 only for omitting the element
(may be seen later e.g. by using | of m, or for using a specific value
w=20rw= -2 oe) of w to get the result that Tg, = T, .
S Ssin@
For 0: & Ts,sin6 = 1.57w? M1 1.1 | Resolving tension for Q and Allow sin/cos confusion
using NII in the horizontal with | Allow use of specific value of 6
a=ro’ Allow use of r sin 8 or r cos 8
: 1.5 X 5sin 6 X w? A1l 1.1 | AG AO0 if a specific value of 6 has been
r=5sin0 =T, = Y Two identical expressions used
= 7.5w? clearly seen.
2T, =T,
[3]
(b) P lx15v2=392s002 =222 M1 1.1 | Using kinetic energy is 39.2 to v? = 52.666...,
2 15 -2
findv orv =205 _ 7229 .. allow 7.22)
2t 2m x5 5V15m Al 1.1 | Use of "w = 2" and finding the Allow unsimplified.
P= = = . LB Penalise inexact value only at the
Wp v 14 time using “v = r@” for P. end
NB tp = 4.3454 ..., wp ~ 1.45
Allow 4.33-4.35
0 wy= v (= zs\fﬁ) B1 1.1 | Use of “v=rw” for Q with May be seen later as wg = E = \/%_5
5sind 75 correct radius 2w ayTEn
Orty = 2mx5sing (may be seen | %Tte = o 14
later) BO for assuming specific value of
Or wy = wpsin 6 0 (and for subsequent marks)
Q:1Ts, cos = 1.5g M1 1.1 | Resolving the tension vertically | 4g=39.2
and balancing with weight Condone use of m
(condone missing g here)
Q:o Ty sind = 1.5a = 1502 M1 1.1 | Resolving tension horizontally Could see use of v2 = 22 here so
2 5sin6 d usine NII and _v? ith 1178
and using and a = —wi T, sin = 1.50 = —= —
correct radius ) Condone use of m and r
e — v
Or: TSZ =75 SSinG)
sin?6 (%) _vi_ 784 _16 M1 2.3 Findin7% :m equati0141 in. 6, using
cos® 159 5g 15x5g 15 ? = -~ and substituting
15(1_;052 6) =16cos 0 sin? § = 1 — cos? 6 to get an
(> 15¢% + 16c —15=0) equation in cos 6 only
((5¢ —3)(3¢ +5) =0 =>) cos@= 3/5 since Al 1.1 | Allow cos@= 3/5 or sinf= 4/5

2nr 2mx5 sin 6
or tQ =
v v

4
_ 21rx5x§ i 4157

T [ 14
15

7




