L6 Further Mathematics EoY Teacher X 22-23 SOLUTIONS [72]

1.
(@) (Bi—5j —k)x(i + 3j —4k) = 23i + 11j +14k B1 1.1 | or any non-zero multiple .
ISW
[1]
(b) x:2+A=1-u M1 1.1 | Any correct numeric equation
y:3-2A=11+3u
orz:3+A=—4-2n
egd4+21=2-2u=>7=13+u M1 1.1 | Using any 2 equations to Must indicate which equations are
eliminate either 4 or z. used to find 4 and u.
u=-6.1=5 Al 1.1
egz: LHS=3+5=8 BIFT 1.1 | Check in unused (or all) Calculations must be correct and
RHS =4 -2x(-6)=—4-(-12)=8 equation(s) answer must be evaluated.
FT their values of 4 and u LHS = 8, RHS = 8 is insufficient;
provided that LHS = RHS. some substitution must be evident.
Polis (7,-7.8) B1 1.1 | Condone as (position) vector
[51
2.
(@) DetA =3x2—-2x1=8 Bl 1.1
1]
) 1(3 2 B1 1.1 | ft their Det A
gl-1 2
1]
© x 41 . . - -1
=A 5 M1 1.1 | Sight of their A™ multiplied by 5
y
Sx=t,y=2
3773 Al 1.1 | ft their A~1. Could be given as a vector.
2]
(@ 13 2
Slo 2% Bl | 2.2a | ft their A™L. Accept 4A~1.
1
© DC=(p) B1 1.1 | Must be a matrix: do not award for just p.
0 4 2p
cD=/0 0 0 M1 | 1.1 | for3 x 3 matrix with at least one correct row or (non-0)
02 p Al |11 | column.
SC B2 for correct matrices, but CD and DC interchanged or
unspecified
SC B1 for one correct matrix.
3]
® Commutativity B1 1.2 | Or the “commutative property”. Accept “commutative”.
Allow also “non commutative”
1]
3.
0
Direction of y-axis is | 1 B1 3.1a | Correct direction vector representation of the y-axis.
0
1 0 1
- M1 1.1 ) ‘ . e
2«/5 J1]= 2J§ Correct use of dot product with 2J§ and their direction
5 lo N5
vector for y-axis.soi
23 Correct use of dot product with their vectors to find cosine of
cosf = M1 1.1 le soi
\] Z\E)z +( \/5)2 angle soi
Ix, 1+ — 2. 2
( . Condone eg.(v3)” in place of (—V3)".
23
4
T
=6==or30° Al 11 N
3 T
Or cosg = - DO=r-¢= gor 30° Accept 0.524°
Mark the final answer
SC B2 right answer only www
[4]




a
(a) - 1_ (3" sB'=1))\_(3 a
n=1=M (0 27 (o 1) Bl | 22a
{So the result is true forn = 1}
Assume true forn =k
k k 2ok _ M1 2.4
Or assumeM™ or (3 a) (3 2 G*-D
0 1 0 1
A correct method to find an expression forn =k + 1
(3 a)k+1 _ 3k E(Bk _ 1) (3 a)
o ) T\, ¢, 0 1
M1 1.1b
or
a
(3 a)k+1 _ (3 a) (3" 5(3" — 1))
0 1 0 1 0 1
k ky 4 &k _ k 23k —
(3(3 ) aB9)+:@3 1)) o (3(3 ) 3x2(3 1)+a> Al i
0 1 0 1
a
(3"“ 5239 + (3" - 1)]) _
0 1
a a
<3k+1 E [3(3]() _ 1]) _ <3k+1 E [3k+1 _ 1])
0 1 0 1
3(3%) 3x 5(3" —1D+a
2 = Al 2.1
0 1 a
(3k+1 SBE -+ 2))
0 1
3k+1 E(3k+1 _ 1)
= 2
0 1
If true for n = k then true forn = k + 1 and as it is true forn = 1
. o Al 2.4
the statement is true for all (positive integers) n
(6)
b)(i) det(M") = 3" ordet(M) = 3 B1 1.1b
ny — n _ —
Uses 5 X det(M") =1215=pt=q=>n=.. Mi 3 1a
5Xx3"=1215=>3"=243=>n=...
n=>5 Al 1.1b
a
3" —(3"—-1)\[/2)_ (123 ny _ 2% an 1y —
(ii) ( 2 >(_z)‘(_z):2(3) 22877 D=13 1 i

0 1
=>a=..




a
243 —(243 -1 2 123 a
> ( ) - = 2(243) — 2= (243 — 1)
-2 -2 2
0 1
=123=>a=..
1 a 123 —22(243 - 1)
1 —5(243—1) (123)_( 2)=> 2
243 0 —2 -2 243
=—-2=a=..
a=15 Al 1.1b
)
(11 marks)
(a) I=mv—mu=0.2x24—-0.2x-14 M1 1.1 | Use of I=xAmv soi If 4.8 — 2.8, then must be clear evidence
of sign error in the second velocity, e.g.
+(0.2x24 —0.2x14)
7.6 Ns Al 1.1 Magnitude must be > 0
[2]
®) Initial (kinetic) energy = %:x0.2x242 B1 1.1 | Use of 2mv? (in an attempt to 57.6
calculate initial KE of puck)
Final (potential) energy = 0.2gx15sin10° M1 1.1 | Use of mgh (in an attempt to calculate | 5.105...
final PE of puck) Allow sin/cos confusion
NB count use of g = 9/GPE = 4.688...
as a slip
Work done against resistance = Rx15 M1 1.1 | Use of “W=Fad”
15R + 0.2gx15sin10° = §><0.2><242 M1 3.4 | Balancing their energies (3 terms) All terms must be in correct direction
and dimensionally correct
awrt 3.50 N Al 1.1 If N2L used SC2 for 3.50 N www
[5]
6.
F=250/v B1 1.1 | Used in the solution in either direction | Do not award if equating D with Fr
Up: M1 1.1 | N1L (or balancing forces) F=124.689...
(¥)F — 80g sin4° - 70 =0 Opposing forces must be in same Allow sin/cos confusion
direction Allow 40° instead of 4° confusion
v=awrt 2.00 Al 1.1 | 2.004987... Do not accept negative value unless
Accept 2 mV/s but not e.g. 2.01 clearly justified e.g. if downwards is
NB 2.005 to 4sf defined as negative
Down: M1 1.1 | N1L (or balancing forces) F=15.310...
F+80gsin4°—-70=0
v=awrt 16.3 Al 1.1
[5]




(@) The velocity of incoming chemical is directed into B1 3.3 | There is no change in KE is Do not accept trivial statements such as
the pipe or insufficient constant velocity
There is no work done on the liquid as it enters the Comments relating to energy changes | Ignore “other resistances™
pipe as the liquid enters the tube Ignore any comments relating to
changes of energy within the tube, or
changes in density/compressibility
1]
(b) In one hour, increase in KE = B1 3.4 | Change in KE soi 153367.5 — 28830 = 124537.5
3% X 1500 X (14.32 — 6.2%) Could be divided by 3600 (42.6... — NB may be seen in part c)
8.00... =34.59...) for 1 second Could also see reference to 2.354kg in
(Or = 83.025 for 1 kg) 5.65s to go through the tube
In one hour, increase in PE = M1 3.4 | Allow cos26° but not 1500gx35 225541.955...
1500 X 9.8 X 35sin 26° Could be divided by 3600 (= 62.65...) | NB may be seen in part c)
(Or 150.36... for 1kg)
Rate at which work is done against resistance in B1 1.1 | Or work done against resistance = 248W
the tube is 40 X 6.2 40 X (6.2 X 3600) = 8928007 Do not allow if the resistance is treated
Allow 40 x 35 if divided by 5.65s as a driving force or used to find a
driving force of 40N.
Power at which the pump is working is M1 3.1b | oe: could have total energy + 3600 Must be dimensionally correct
AKE + APE +40(6.2)" Allow if 40 x 35 used and added to
3600 . the total energy
345 W Al 1.1 | Accept any valid units for power. Do not allow use of suvat
Alternative Method
(At the start): PE = 0 and KE = %x1500x6.2? and B1 oe, e.g. initial and final KE seen in a Could be expressed per second or for
final KE = ¥:x1500x14.32 balanced equation 1kg or for 35m (5.65s)
(At the pump end): M1
PE = 1500x9.8x35sin26°
‘Work done against resistance = 40x6.2x3600 B1 Or rate =40 X 6.2 (= 248)
15x1500%6.22 + 3600P + 40x6.2x3600 = M1 Must be dimensionally correct
1500%9.8x35sin26° + ¥4x1500x(14.32) oe
P =345W Al
[5]
© (i) | 450x3600 —(124537.5 + 225541.955...) M1 3.4 | Correct calculation with their values Must not include resistance,
1620000 — 350079... = 1269921... e.g. 345 X 3600 accounted for (see
NB 1620000 — 351479... is MO alternative method)
= 1270KJ to 3sf Al 1.1 | 1269920... AQ for 1268520...
Alternative Method
(450 — 345 +40 x 6.2) x 3600 M1 Use of excess power output x 3600
=1270kJ Al
2]
(ii) | eg B1 3.5b | An explanation which looks at one of | BO for considering internal resistance of

work must be done against other resistance forces
(eg at the nozzle) or a blockage (e.g. at the nozzle)

or the pump would heat up (or heat up the air
around it or heat up the chemical or the tube(s))
which requires energy. e.g. due to friction between
the fluid and the pump blades (exclude internal
resistance)

or the total resistance to motion may be more than
40N and so more energy is required

The model ignores other resistances to motion

Resistance to motion of the fluid soi, e.g. the liquid
would not all be moving with the same velocity
(turbulent flow) or may be relatively viscous and
so there would be internal resistance to overcome,
which requires energy

or some energy may be required to change the
direction of the velocity of the liquid at the intake
and so the pump will need to provide more energy
to get the intake liquid to a velocity of 6.2ms™ up
the tube

the modelling assumptions and shows
that a higher power output or more
energy may be required if it does not
hold.

Ignore anything that refers to internal
losses in the pump as the question is
about the difference between the
power output and the gain in
mechanical energy, rather than the
power input.

Candidates need to give a valid reason
or example not covered by the
question text rather than non-specific
statements, e.g. not just that there
would be more resistance or that there
might be other (unstated) resistances.

At the very least, reference to the 40N
mentioned in the question as being
inadequate is required, or reference to
the fact that all other resistances to
motion have been ignored.

the motor/electrical energy

Exclude statements such as:

“energy will not always be constant in
the system™

“velocity is not always constant™

“the model only considers mechanical
energy, not electrical energy”

“the resistance to motion is not
constant™

“there would be more resistance™
“power output of the motor is not
constant™

“It doesn’t consider resistance inside the
pump”

“the fluid cannot be modelled as a
particle”

“energy loss due to inefficiency in the
delivery of power”

“there will be friction™

“no liquid escapes the tube™

“no thermal or sound energy escapes”
“The flow of liquid is laminar”
References to heat or noise, unless
clearly associated with the movement of
the fluid

1]




(@) [v]=LT! B1 1.2 | Used in solution Penalise wrong basic terms only once
[P =1 T2 LET# T B1 3.3 | Correctly finding the dimensions of | Allow unsimplified
u%aPt’ in terms of a, B and y
l=a+por-1=—a-2B+y M1 3.4 | Equating their dimensions L and T
=a=1-4 Al 1.1
=y=p Al 1.1 | www If extra term such as M is included, then
BIBOM1AOAO
[5]
) For straight line graph # must be 1 (or constant or £) M1 3.1b | For clear understanding that the Or could see e.g.
or £ (or ... relationship must be of the formv= | v = u!"Faftf with
mt + ¢ where both mt and ¢ must B=1=>v=atand
take the form [K]uat’ B=0=>v=u
..(soy=0o0rl)sofB=0o0rl Al 1.1 SC1 for B= 1 using direct proportion or
unsupported but www e.g. f=-1
21
(©) v must be the sum of terms like ku®af’ M1 2.1 | AG. (or kwu + kat or mt + ¢) Award if at least one term seen, must
have k. u. a and ¢
v=kwu+katandv=uwhent=0=>k =1 Al 3.4
andv=u+awhent=1=>k=1sov=u+at Al 2.2a
3]
9.
@) Mom™: 1x1.79 + 2.74x—0.08 = vp + 2.74vp M1 33 Attempt at equating momentum 1.5708
before and after collision between P | Allow 1 incorrect mass and one sign
and Q with 4 terms. slip
Rest™ e = -(vp —vp)/(1.79 ——0.08) M1 3.3 | Attempt at using NEL. Accept vo—vp=1387e
global sign error. Allow sign error in
uq provided that this is shown
clearly
Al 1.1 | Both equations correct
vp=vp - 1.87e and vp = 1.5708-2.74vp M1 1.1 | Attempt at solving simultaneously Or using elimination:
> vp— 1.87e=1.5708 — 2.74vp e.g. by substituting for vp 1.5708 =vp+2.74vp and
1.87e=vp—vp
1.5708 + 1.87e = 3.74vg
vo=(1.5708 +1.87¢)/3.74=0.42+0.5¢ AG Al 1.1 | AG. Intermediate working must be | So vp=0.42+0.5e
shown
Final value must be positive
[51
) vp=vp—1.87¢=042-1.37e M1 1.1 | Deriving vp from the equations Or 1.5708 =vp +2.74(0.42 + 0.5¢)
and/or answer in (a)
After Q hits wall: wy = +e(0.42 + 0.5¢) M1 3.1b | (-)e x their v
No 2™ collision so their vp < vp soi B1 2.2a | Condition on velocities given no 2™ | If using left hand reference then
collision occurs Vp 2V
Allow strict inequality for this mark
0.42—1.37e <+e(0.42 + 0.5¢) Mi1* 3.1b | Condone any inequality or equality | Must be derived from an attempt at vp
sign and wp in terms of e
?—1.9¢+0.84<0 Mildep* 1.1 | Rearranging to 3-term inequality Must see zero on one side of the
inequality
Critical values fore; 1.2, 0.7 AIFT 1.1 | BC (correct CVs for their inequality, | NB if wy = 0.42e + 0.5e? then expect
which must be a 3-term quadratic) to see -3.80 and 0.221
At least one value must be positive
0.7<e<l2and0<e<1=>0.7<e<1 Al 23 | cao If derived from equality. then inequality

[7]

Do not allow strict inequality

must be fully justified.




