Using standard series
Starter

u 1
1. Prove by induction that Z r(r+3)= En(n +1D(n+5)is

r=1
true for all positive integers n.

Working: (Proposition) ;
1
Let P(n) be the proposition that Z r(r+3)= gn(n + 1)(n +5).

r=1
(Prove the basic case)
1

Whenn =1, LHS = ) r(r +3) = I(1 +3) = 4 and
r=1
1
RHS =§><1x(1+1)(1+5)=4
Therefore P(1) is true.
(Inductive step — n replaced by k)
k

1
Assume that P(k) is true i.e. 2 r(r +3) = gk(k + Dk +5)

r=1
(Inductive step — consider the next term)

Add the next term to both sides:
k+1

P(k+1)=2r(r+3)

r=1
1
=Sk + Dk +5) +k+ Dk +143)
(Inductive siep — manipulation to show the formula is the same)
= (k+ 1)[k(k +5) +3(k + 4)]

_ 1 2
= g(k + 1)[k + 8k + 12]
= —(k+ Dk + 2k +6)

=é(k+1)(k+l+1)(k+1+5)

(Completion)

But this is P (k) with k replaced by k + 1.

Therefore, if P(k) is true, then P(k + 1) is also true.

P(1) is true and if P(k) is true, then P(k + 1) is true. Using the principle of
mathematical induction, P(n) is true for all positive integers.



E.g. 1 Calculate Z r(3r + 1)

r=1
Working: 2 r3r+1) = Z (3r2+7r)
r=1 r=1
=3 i r?+ i r
r=1 r=I1
=—nn+1)2n+1)+ %n(n +1)
=—n(n+1(2n+1)+1)

= En(n + DH(2n +2)
=nn+ 1)2

n
E.g. 2 Find an expression for 2 r2(r + 1).
r=1
n n n
Working: 2 rPr+1)= 2 P+ Z r?
r=1 r=1 r=1

1
= an(n + 1) +—n(n+DHC2n+1)
_ 1y 2 b
—4n(n+1) +6n(n+1)(2n+1)

1
= En(n + 1) |3n(n+1)+22n + 1)

1
= En(n + D@r*+Tn+2)

[
= En(n + 1) +2)(3n + 1)
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