Piecewise-defined probability density function

Starter

1
- <x<
1. Let X be a crv with pdf f(x) = 3% O_X_k.
0 otherwise
(a) Calculate the value of k.
(b) Find the cumulative distribution function F'(x).
el Nk 1,
Working: (a) —xdx =1 => —xl =1 => —k° =
0 3 6 0 6
Sincek >0, k =\/€
1 1, T 5
(b) Fx)=| —=xdx=|—x"| =—x
03 6 [, ©
0 x <0
1
The cdfis F(x) = 4 ¢%>  0<x <1/6
1 x >4/6
%x 0<x<L2
2. If X is a continuous random variable with pdf f(x) = 7 _ %x 2<x <3
0 otherwise
(a) Sketch the graph of y = f(x).
(b) Find the cumulative distribution function F'(x).
(b) Sketch y = F(x).
Working: (a) y
0.5
X
0 1 2 3

1 1,
(b) 0<x<2: F(x)=J§xdx=lgx] =—X

6 3 )

2
2<x<3: F(x)=F(2)+[ Z—Exdx
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The cdf is F(x) = 5

2 I
=—+ |2x —=x
3 37 ],
2 2 2
=§+2x——x—<2><2——><2>
1
=2x ——x>-2
) 3
0 x<0
1 2
gx S 32
2x—§x2—2 2<x<3
1 X

()

0.5



https://www.mathspanda.com

E.g. 1 A continuous random variable, T, has probability density function:
at 0Lr<8
f(t)=38a 8 <t <9, whereaisaconstant.

0 otherwise
a) Sketch f (7).
b) Determine the value of the constant a.
c) Obtain the cumulative distribution function, F'(¢).
d) Calculate the probability P(T > 7).

Working: (a)
v
t)
0
8 9 1 8 9
(b) J atdt +| 8adt =1 = [—at2 + 8at] =1

0 8 2 0 8
S.32a+72a—-64a =1 = a =— =0.025

‘1 gk W=
(c) 0<t<8 Ft)=| —tdt = |—1t°| =—t

0 40 80 |, 80
1 , 4
FB)=—x8 ==
80 5 »
8<x<09: F(x)=F(8)+[§dt
8
4 1]
=—+4 |=t
5151,
4 1 8
“575' 75
1 4
= —f — —
5 5
0 t<0
%zz 0<t<8
ThecdfisF(x)=<1 A
St—% 8<t<9
1 t>9

1 31
d PT>N=1-F1)=11-—x7*=—=0.3875
80 80
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kx
k(4 —x)
0

E.g. 2 A probability density function is given by f(x) =

constant.

(a) Sketch the graph of f(x) and state the mode.

(b) Determine the value of the constant k.

(c) Obtain the cumulative distribution function, F'(x).
(d) Calculate the probability P(1 < X < 3).

Working: (a)

y

0<x<?2
2 < x <4,wherekisa

elsewhere

0

The mode is the x—value which gives the highest y—value so the

mode is 2.
2 4
(b) J kxdx+J k(4—-x)dx =1
0 2
1 1? 1 Al
—kx*| + k<4x——x2> =1
2 2 ,
2k1+ k(16 —8)—k(8—-2)=1
k=—=0.25
4
¥ 1 I L
(c) 0<x<2 Fx)=| —xdx=|—x"| =—x
o 4 8 [, 8
1
FQ)=—x2*=—

1
=—+ —<8x—x2)]
2
1
_% 2
=—<8x—x2—8>
8
0
5
The cdf is F(x) = < |
—<8x—x2—8>
8
1

x<0
0<x<2

2<x<4

x >4
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E.g. 3 The continuous random variable X has cumulative distribution function F'(x) where
0 x< -2

11—2(2 +x) —-2<x<0
F(x) = < %(1 + x) 0 <x <4 . Findthe pdf of X, f(x), and sketch y = f(x).

%m+@ 4<x<6

| 1 x>6
Working: 2<x<0: fx) = d <1(2+x)>— !
ST ' T dx\12 12
osrct sw=t(lurn)=d
=7 ' fx_dx 6 : 6
4<x<6: f(x)—i<i(6+x))—L
o S dx\ 12 12
% -2<x<0
1
f(X)=<€ OSX<4
% 4<x<6
L 0 elsewhere
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E.g. 4 The cumulative distribution function F'(x) for a continuous random variable X is defined as

0 x<0

1 1 2

SX—3gX 0<x<1
FxX)=4a++1x 1<x<2.

4
1

12_1
b+8x 7 2<x<3

1 x>3
(a) Find a and b.
(b) Find the pdf, f(x).

1 1
Working: @ F3)=1 => Fx)=b+ gxz — foor 2<x<3
9 3 5
b+§_Z=1 = b=§
5 1, 1
For2 <x <3: Fx)=—+—x"——x
8 8 4
5 4 2 5
SFQRQ)=—4———=—
8 8 4 8 y s
Forl <x <2: Fx)y=a+—x = a+—=—
4 4 8
1
a=—
8
b) 0<x<I f()d11211
X . X)=—|—x—=x)==———x
Ry dx \2 8 2 4
1<x<?2 f(x) d + :
X . X)) = —1| — —x )| = —
dx\4 4 4
d (1 1, 1 1 1
2<x<3 fA)=—|=-F+—x"—-—x)=—x——
dx\8 8 4 4 4
(1 1
E—Zx OSXSI
1
- <x<
foy =17 =xs2
%x—% 2<x<3
g elsewhere

Exercise
p134 7E Qu 1-4, (5-6 red)
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