Linear simultaneous equations
Starter

2 1
1. Aline L has equation r = ( 0 > +4 <—2>
-1 -1

(a) Write down the equation of a line parallel to L; passing the point (3, 1, 0).
(b) Find the exact value of the perpendicular distance between these two lines.
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Working: (a) r= (1) + 4 <—2>
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2. Find the shortest distance between the lines with equations
y-3 z-4 x—2 9-y
Li:x-2= = and L, : = =z—-1
2 2 2 2
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Working: a,—a;=(9]—-|3]=]| 6
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(a, —a;).n = (6j — 3k) . (6i + 3j — 6k) = 36
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3. The matrix <3 ; k ) k) is singular. Find the possible values of k.
Working: A matrix is singular when the determinant is zero.
3—-k &k

=B-kQ2—-k) =2k =k*— =
5 2—k| B-kQR-k)-2k=k-Tk+6=0
ie.(k—1)k—-6)=0 = k=1k=6

X
4. (a) Express the following simultaneous equations in the form M | ¥V | = B:
Z
4x — S5y +3z =3 3x +3y —4z =48 5x +4y —6z =74

where M is a 3 by 3 matrix.
(b) Hence solve the equations, clearly stating the inverse matrix, which can be found
using a calculator.

4 -5 3 X 3
Working: @ |3 3 -4 (y>=(4g>
5 4 —6)\z 74
-1
4 =5 3 3
o <>= L9 b (48)
5 4 -6 \74
(2 18 -1 <3> <8)
=12 390 —25|(as )= 4
"3 41 —27) \74 g

The solution to the equationsisx =8,y =4 andz = — 3.

N =

E.g. 1 Consider the system of equations 2x + ky = b and kx + 8y = 6.
(a) Find the value of k for which the equations have a unique solution.
(b) State the values of k and b such that the equations do not have a unique solution
but are still consistent.

Working: (a) In matrix form the equations are 2 k <x>= b
9 a k8) W)~ \6

There is a unique solution when the determinant is not zero.

2 k| e 2
; 8‘—16 k2= (4 —k)4+k) #0

The equations have a unique solution when k # 4 and k # — 4.

(b) When k = 4, the equations are 2x + 4y = band4x + 8y =6
To be consistent the equations must be multiples, i.e. when b = 3

When k = — 4, the equations are 2x —4y = band —4x + 8y = 6
To be consistent the equations must be multiples, i.e. when b = — 3
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E.g. 2 Consider the system of equations:

(a)
(b)

xX—y+z=2 2x+3y—z=4 3x+7y—-3z=28
Decide whether there is a unique solution.
Decide whether the system of equations is consistent.

1 -1 1 X 2
Working: (a) In matrix form: 2 3 -1 yl1=14
3 7 -3 < 8

1 -1 1
2 3 —-1|1=1(-94+7D+1(-64+3)+1(14-9) =0
3 7 =3
Since the determinant = 0, there is no unique solution.
(b) xX—y+z=2 (D)
2x+3y—z=4 2)
3x+7y—-3z=38 3)
Eliminate 7:
2) + (1): 3x+2y =6
B)+3x(1): 6x +4y =14

Since these equations are not multiples of each other, the system of
equations is inconsistent.

E.g. 3 Consider the system of equations:

(@)
(b)

2x—y—2z=3 —4x+Ty+3z=-5 kx+y—-z=a

Determine the value of the constant k for which the system of equations does not
have a unique solution.

Given that k is the value from (a), find the value of a such that the equations are
consistent.

2 -1 -1 X 3
Working: (a) In matrix form: -4 7 3 Y11=\ -5
kK1 -1 2 a

Exercise

2 -1 -1
-4 7 3|[=2(-7T-3)+40+1)+k(-3+7)=4k—-12
kK1 -1

No unique solution = Singular matrix = determinant = (O
4k — 12 = 0 so when k = 3 there is no unique solution.

(b)  Whenk = 3: 2x—y—2z=3 (1)
—4x+T7y+3z=-5 (2)
3x+y—z=a 3)
Eliminate 7:
2)+3x(1): 2x +4y =4
3)—(1): x+2y=a-3

For the system of equations to be consistent, these equations must
be multiples of each other. For this to be true:

2a@-3)=4 => a=>5
When a = 5, the system of equations is consistent.

p103 5A Qu 1i, 2i, 3-7
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