Intersection of three planes

Starter
1. (a) Find the value of a for which these simultaneous equations do
not have a unique solution:
3x+2y—-z=10 Sx —y—4z =17 x+5y+az=0>b
(b) Given that there is no unique solution, find the value of b that makes the equations
consistent.
3 2 -1 X 10
Working: (a) In matrix form: 5 -1 -4 ()’) = (17)
1 5 a)\2 b
There is no unique solution when the determinant of coefficients is
zero.

3 2 -1 13 0 -9
5 -1 -4 =[5 -1 —-4(=0
1 5 a 1 5 a
S 13(—a+20)-925+4+1)=0
When a = 2 there is no unique solution.

(b) 3x+2y—-z=10 (D
Sx —y—4z =17 2)
x+5y+2z=0>b 3)
Eliminate 7:
2)—4x(1): —7x -9y =-23
B3)+2x(1): 7x 4+ 9y =b +20
For there equations to be consistent, they must be multiples. This
occurs when: b+20=23
When there is no unique solution, the equations are consistent when
b = 3.

E.g. 1 Determine the geometrical arrangement of the following planes in three dimensions:
@ m:x+y+z=4 1w 2x+3y—-4z7=3 my: Sx+8y—13z=38

by m:2x-y=1 m: 3x+2z=13 w3y 3y +4z =23
Working: (@)  Determinant of coefficients:

11 1

2 3 —4|=-394+32+4+26-20+16—-15=0

5 8 —-13

Since the determinant = 0, there is no unique solution.
m:x+y+z=4
my: 2x+3y—4z=3
w3 Sx +8y — 13z =8

By inspection, none of the planes are parallel.

Eliminate x:
T, —2X @ y—6z=-35
w3 — 35X m: 3y — 18z =-38

Since these equations are not multiples, the system of equations is
inconsistent i.e. there are no solutions, therefore they form a
triangular prism.
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(b)

Determinant of coefficients:

2 -1 0
3 0 2(=20-6)+12=0
0 3 4
Since the determinant = 0, there is no unique solution.
m2x =y =1
M 3x 4+2z=13
P23 3y+4z =23
By inspection, none of the planes are parallel.
Eliminate y:
Ty 3x+2z=13
73— S5 X my: 6x + 4z =26

Since these equations are multiples, the system of equations is
consistenti.e. there are an infinite number of solutions and the
planes meet in a sheaf.

E.g. 2 Consider the system of equations:
x+3y—-2z=-2 -3x+y+mz=6 —3x+1ly—-4z =k
(a) Find the value(s) of m and k such that the planes meet in a unique point.
(b) Find the value(s) of m and k such that the planes form a sheaf.
(c) Find the value(s) of m and k such that the planes form a triangular prism.

Working:

(@)

(b)

1 3 =2 X -2
In matrix form: -3 1 m Y11= 6
-3 11 -4 < k

The planes meet in a unique point when the determinant of the
matrix of coefficients is not zero.
1 3 =2

-3 1 m|#0 =-2(-33+3)—-m(114+9)—-4(1+9)#0

-3 11 -4
60 —20m —40 #0 = m# 1
By inspection, no value of k makes the planes parallel.
The planes intersect at a unique point when m # 1 and k can be any
value.

For a sheaf, the determinant is zero = m=1
For a sheaf, the equations must be consistent
x+3y—-2z=-2 (1)
-3x+y+z=6 (2)
—3x+1ly—-4z=k 3)
Eliminate x :
2)+3x(1): 10y =5z =0
B)+3x(): 20y —10z =k -6
For the system to be consistent, these equations must be multiples.
This occurs when: k—6=0 ie k=6

The planes form a sheaf whenm = 1 andk = 6
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(c) For a triangular prism, the determinant is zero => m=1
By inspection, no value of k makes the planes parallel.
For a triangular prism, the equations must be inconsistent

x+3y—-2z=-2 (D)
-3x+y+z=6 (2)
—3x+1ly—-4z =k 3)
Eliminate x :
2)+3x(1): 10y =5z =0
B)+3x(): 20y —10z =k -6
For the system to be consistent, these equations must not be
multiples. This occurs when: k—6#0 ie k#6

The planes form a triangular prismm = 1 and k # 6.

E.g. 3 Find the equation of the line of intersection between these systems of planes:
(a) T x+2y+32=6 Ty 2x+3y+z=17

by m:x—-y+z=3 Ty 2x+y—2z=5
Working: (@ m—2Xax: —y—5z=-5 => y+5z=5
Letz =4 y=5-51
Substitute in 7;: x+2(5-50)+31=6
x=—=44+74
X —44+74 —4 7
rz(y>= 5-52 =(5>+/1<—5>
2 A 0 1
(b)  m + 7y 3x —z=28
Letx = A: z=-8+31
Substitute in 7;: A—y—8+31=3
y=—-11+41

X A 0 1
r=(Y|=|-11+4A|={-11)+4| 4
< -8+ 34 -8 3

E.g. 4 Prove these systems of planes meet in a sheaf and hence find the equation of their line of
intersection.

(@ m:x+y+2z=5 T 2x—=y+z=1 w3 x=2y—z=-4
by m:2x+3y—z=38 my: 3x+y—2z=38 3 4x—y—2z=28
Working: (@ m—2Xanyg —-3y—-3z=-9

Since the equations are identical, the planes form a sheaf.
-3y-3z=-9 = y+z=3
Letz =4 y=3-1
Substitute in 7;: X+3—-A+24=5
x=2-1

SO ERONG
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(b) -y x—=2y=0

3 — 7y 2x —4y =0
Since the equations are multiples of each other, the planes form a
sheaf.
Lety =4: x =24
Substitute in 7;: 4r+31—-2=28
z=—-8+4+74

X 22 0 2
r=\JyY|= A =1 0 )J+4]1
Z -8+ 74 -8 7

Exercise
p109 5B Qu 1i, 2-13
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