Integration involving inverse trigonometric and hyperbolic functions

Starter

1.

Working:

d
Given thaty = sinh~!4/x, find _y

dx
y = sinh~!1y/x = sinhy =4/x
d 1
Differentiating implicitly wrt x : coshy &
dx  2/x
dy 1

dx 24/x coshy

Butcoshy =4/sinh?y + 1 andsinhy = \/}:

d 1 1
SO_y= =

dx 2/ /(ﬁ)2+1 24/x(x +1)
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X
2. (a) By letting x = a tan u, prove that J dx = — tan — | +c.
a“+x a
_ 1 X
(b) By letting x = a cosh u, prove that | ———dx =cosh™ | — | + ¢
forx > a
] dx 5 5
Working: (a) letx =atanu = — =asec’u = dx =asec udu

du

J’ 1 y J asectu p
X = u
a? + x2 a?+ a?tan?u

sec” u ] 5 )
= |——du sincel +tan“x = sec” x

asec’u

c sincex = a tanu

d
(b) Letx = a coshu :>d—x=asinhu = dx = asinhudu
u

J‘ 1 dy = J‘ a sinh u du
x2—a? Va2 cosh?u — a2

a sinh u
= | ——du

J \/a?sinh? u

[ a sinh u
=|————du
J asinhu

= |du

=u-+c

X
= cosh™! (—) +c sincex = a coshu
a

1 X
*. | ———=dx = cosh — ) +c
\/x2 — g2 a
1

1
E.g. 1 Find: (a) J 4+ 22 dx (b) Jz—%dx
x —_—

Worki (a) J L 4 [ R S A
orKing: a X = X =—1lan " — C
I 4 + x? 22 4+ x? 2 2
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E.g. 2 (a)

(b)
(i)

Working:

() (@)

(ii)

(iif)

(b) J;dx =
x2—36

By using integration by substitution, find J

Hence write down expressions for:

dx

) a2 — p2x2

1
| a2+ ;izxz

) \/b2x2 — 42

(@)

dx

1 X
———dx =cosh™ —+¢
X2 — 62 6

1
dx.
\Vb2x2 + a?

a . dx a a
Letx = —sinhu = — = —coshu = dx = —coshudu

u

1 a cosh u
\Vb2x?% + a? by/a?sinh? u + a2
a cosh u
= du
J by/a?cosh?u
[ acoshu
= | —du
J clzb coshu
= |—du
lb
1
=—+c
b
L. (bx ] ™
=—sinh™' | — | +c¢  sincex = —sinhu
b a b
1 1 _f bx
S| ———=dx =—sinh™ | — ) +¢
/b2x2 + a2 b a

[ 1 1
——dx
J /a2 — p2x2 b
1 J 1
a? + b2x? ab
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1
E.g. 3 Find: (a) J;dx (b) J—dx

\/9 — 4x2 1/ 64x2 + 20
[ 1 1 I 2x
Working: (a) —dx = | ————dx = —sinT — +c¢
JA/9 — 452 /32— (2x)2 2 3
44/5
(b) ;a’x = J' ! dx = %sinh‘1 \é—x +c
J \/64x2 420 \/(gx)z ENGE

E.g. 4 Evaluate these definite integrals, leaving your answer in exact form:

2 1 & 1
(@) { — dx (b) { 5 ~dx
2 X
1 V/25x2 - 16 .

2 1 2 1
Working: (a) J —dx —[ —dx

1 4/25x2-16

g[ oo —1>—4m<z+ )

(20

2

2OF... = %lln(Sx +4/25x% — 16)]
1

= %<1n(10+\/@) —ln(5+3)>
<5+\/_>

5
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1 36 1
E.g. 5 Find: (a) J dx (b) J dx
Vx2—6x+5 V33— 8x —x2
1 1
Working: (a) J dx = J dx
Vx2—6x+5 Vx—3)2—4

1

= dx

v (x—=3)2-22

-3
=cosh‘1<x2 >+c

1 1
(b) J dx =J dx
/33 — 8x — x2 V49 — (x + 4)2
1

1
1
E.g. 6 Find the value of[ dx.
~1yV/x2+4x +5
1 1
1 1
Working: [ dx = J dx
“1Vx2+4x +5 1/ +2)2+1

1
= lsinh—l(x +2)

-1
=sinh™ '3 —sinh~!1

=In@B+V32+1)—-In(1+V1*>+1)
<3+\/T0>
=In| ——
1++/2

Exercise
p160 7C Qu 1i, 2i, 3i, 4-15
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