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Hyperbolic identities

Starter
1. (Review of last lesson)  Solve equation .

Working:

  

  

2. Using the definitions of  and , show that:
(a) (b)

Working: (a)

        

        

(b)

   

   

   

3. Show that  and hence find identities for :
(a) in terms of  only and (b) in terms of  only.

Working:

        

        

      

(a)
From :
So 
     

(b) From :
So 
      

3 + sinh 4x = 11

3 + sinh 4x = 11 ⇒ x =
1
4

sinh−1 8

=
1
4

ln(8 + 82 + 1)

=
1
4

ln(8 + 65)

sinh x cosh x
cosh2 x − sinh2 x ≡ 1 sinh 2x ≡ 2 sinh x cosh x

cosh2 x − sinh2 x ≡ (ex + e−x

2 )
2

− (ex − e−x

2 )
2

≡
1
4 (e2x + 2 + e−2x − e2x + 2 − e−2x)

≡ 1

2 sinh x cosh x ≡ 2 × (ex − e−x

2 )( ex + e−x

2 )
≡

e2x + 1 − 1 − e−2x

2
≡

e2x − e−2x

2
≡ sinh 2x

cosh2 x + sinh2 x ≡ cosh 2x cosh 2x
cosh x sinh x

cosh2 x + sinh2 x ≡ (ex + e−x

2 )
2

+ (ex − e−x

2 )
2

≡
1
4 (e2x + 2 + e−2x + e2x − 2 + e−2x)

≡
e2x + e−2x

2
≡ cosh 2x

cosh 2x ≡ cosh2 x + sinh2 x
cosh2 x − sinh2 x ≡ 1 sinh2 x ≡ cosh2 x − 1

cosh 2x ≡ cosh2 x + cosh2 x − 1
cosh 2x ≡ 2 cosh2 x − 1

cosh2 x − sinh2 x ≡ 1 cosh2 x ≡ 1 + sinh2 x
cosh 2x ≡ 1 + sinh2 x + sinh2 x
cosh 2x ≡ 1 + 2 sinh2 x
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E.g. 1 From , divide by  to find an identity involving  and 

find an additional identity involving .

Working:
Divide by :
Divide by :

E.g. 2 Prove the identities:
	 (a)	 

	 (b)	 


Working: (a)

	 	 	 	 	 	         


	 	 	 	 	 	         


(b)

 

 

 

E.g. 3 Write the following in as simple a form as possible:
(a) (b)

Working: (a)

         

         

         

(b)

   

   

   

   

cosh2 x − sinh2 x ≡ 1 cosh2 x tanh2 x
coth x

cosh2 x − sinh2 x ≡ 1
cosh2 x 1 − tanh2 x = sech2x
sinh2 x coth2 x − 1 = cosech2x

cosh 2x + sinh 2x ≡ e2x

2 sinh x sinh y ≡ cosh(x + y) − cosh(x − y)

cosh 2x + sinh 2x ≡
e2x + e−2x

2
+

e2x − e−2x

2
≡

e2x

2
+

e−2x

2
+

e2x

2
−

e−2x

2
≡ e2x

2 sinh x sinh y ≡ 2( ex − e−x

2 )( ey − e−y

2 )
≡

ex+y − ex−y − e−x+y + e−x−y

2
≡

ex+y + e−(x+y)

2
−

ex−y + e−(x−y)

2
≡ cosh(x + y) − cosh(x − y)

cosh(A + B) + cosh(A − B) sinh x sinh y − cosh x cosh y

cosh(A + B) + cosh(A − B) ≡
eA+B + e−(A+B)

2
+

eA−B + e−(A−B)

2
≡

1
2 (eAeB + e−Ae−B + eAe−B + e−AeB)

≡
1
2 (eA + e−A)(eB + e−B)

≡ 2( eA + e−A

2 )( eB + e−B

2 )
≡ 2 cosh A cosh B

sinh x sinh y − cosh x cosh y ≡ (ex − e−x

2 )( ey − e−y

2 ) − (ex + e−x

2 )( ey + e−y

2 )
≡

1
4 (ex+y − ex−y − e−x+y + e−x−y − ex+y − ex−y − e−x+y − e−x−y)

≡
1
4 ( − 2ex−y − 2e−x+y)

≡ − (ex−y + e−(x−y)

2 )
≡ − cosh(x − y)
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Video: Hyperbolic identities

Solutions to Starter and E.g.s 

Exercise
p137 6C Qu 1-9
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