Homogenous second order linear differential equations

Starter

1.
COS X

d
Solve the equation xd—y +2y = given that y = 3 when x = 7.
X

dy COS X
Working: xX—+2y =
dx X
’ dy dy 2y cosx
Must be in the form — + P(x)y = Q(x): —+— =
) dx dx x x2
I()C) — ef;dx — eZlnx _4 X2
. 2 ) dy
Multiply by x~: X Ir +2xy =cosx
X
d(x?y)
= COS X
dx
X’y = [cos xdx
x’y =sinx +c
Whenx =7z, y = 3: 3z =sinz +c¢ => c =372
5 , 5 sin x + 372
x‘y =sinx + 37 = R ——
X
_dy . . .
2. Solve the equation ad— + by = 0. Write down what you notice about the coefficient of x
X
in the solution.
: dy
Working: a—+by =0
dx 1
By separation of variable: aJ —dy = — dex
y
alny=—=bx+C
b
y = Ae_ﬁx

The coefficient of x is the solution to the equation ad + b = 0.
N.B. By substituting the solution back into the differential equation, we can
see why:
dy b _», b,
a—+by =0: aXAX——e @ +bXAe " =0
dx a
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E.g. 1 Assumey = Ce™* is the solution for the second order differential equation

d’y _dy | .
—— — 5— + 6y = 0. Find the value(s) of A for which this works.
dx? dx
d d?
Working: y = Ce™* = Lt Che™* => £y Cl2e™
P 4 dx dx?
d—y2 - sd—y 416y =0:  CA2M —5Cie? +6Ce™ =0
X X
Divide by Ce** A?2=51+6=0
“1=-2)1-3)=0
A=20rA=3
Soy = Ce**is a solution when A =2 and A = 3i.e.y = Ce?* and
y = Ce**
| | T dly | dy
E.g. 2 Find the complementary function for the differential equation T2 + 6d_ + 5y = 2x
X X
Working: The auxiliary equation is: A+61+5=0
A+DA+5=0
A=—=lord=-5
The complementary function is y = Ae™ + Be ™.
Ny e | |
E.g. 3 Solve the equation E —ay = Ce™ and hence give the complementary function of the
d? d
differential equation a - + b—y + cy = g(x) when b?>—4ac =0.
d x? dx
Working: Integrating factor: I(x) = e~ /%% = ¢—o%
Multiply by the integrating factor: € " —— —ae 'y =C
dx —ax
d(e™™y) _ c
dx
ey = JCdx
e ™y =Cx+D
So the complementary functionis y = (Cx + D)e**
| o dlydy 2
E.g. 4 Find the complementary function for —— — 4—— + 4y = e¢*.
d x? dx
Working: Auxiliary equation: 2—41+4=0
Solving: A-272=0

A = 2 (repeated)
Since roots are repeated, the complementary function is y = (Cx + D)e?*.
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E.g. 5 Find the complementary function of the second order differential equations:

d*y _dy d*y _dy
9—— —6— +y =cos 4 b 3—= —T7— +4y =5x3
@ d x? dx y = cosax ®) dx? dx Y x
Working: (a) Auxiliary equation: 942 -61+1=0
Solving: Bl-=172=0
1

A = — (repeated
3( p )

The complementary functionis y = (Cx + D)e%.

(b) Aucxiliary equation: 302-714+4=0
Solving: Bi-4HA :l 1)=0
A=—ordi=1
3

4x
The complementary functionisy = Ae* + Be’3.

Exercise
p234 10CQu 1, 3,4,5,7,8, 11
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