Goodness-of-fit tests with continuous distributions

Starter
1. The continuous random variable 7" has probability density function

3
given by f(1) = {4t O<t= 1.
0 otherwise

(a) Find the probability density function of H, where H = ﬁ, clearly stating its interval.

(b) Find E(1 + 2H ™).

t t
Working: (@) F() = J A3dx = t4] =
0 0
0 <0
LF@) =91 0<t<1
1 t>1

Let G (h) be the cumulative distribution function of H.
G(h)=PHZ<h)

1 1
SinceY = —: Ghy=P|—<h

VX T
Rearrange to make X the subject of the inequality:

Gh) = P<T4 > l)
T h

1 1
=P<T 24—> +P<TS—4—>
Vh Vh
1
Since t >O,P<T§ ——) =0

Vh

Putitinterms of P(X <...):
1
Gh)=1-P Tﬁ—)

Replace P(X < ...)by F(...):

<
cwso()

Replace F'( . ..) by its function:

0 t <0
FromF({) =<3 0<r <1 weget
1 t>1
1-0 <0
n
G(h)=1—FL :<1—% 0<4L§1
Vi v
1-1 L>1
| Vh



https://www.mathspanda.com

1 — <0
G(h 1-F : v
@=1= <%>_ l-— hx1
0 h<l1
_ 0 h<l1
ie. G(h) = 1_% B> 1
The pdf of H: gh) =G'(h)
d 1>
=—(1-=
dy h
d
=—\(1-h"!
dy
:h_2
_1
T2

The probability distribution function of Y'is g (h) = { h2
0

E(f(h) = J f(hg(hydh

EQ+2H Y= (A+2rnYxh2dh
Jq

= (?+2ndhn

h>1

otherwise
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A model is proposed for a continuous random variable. The proposed probability density
6—x
— 0<x<6

function is f(x) = 18 — 7 T . The observed frequencies of 100 items of data
0 otherwise

are in the table below.

Class 0<x<l 1<x<2 2<x<4 4<x<6

Frequency 36 29 22 13
(@) Calculate the expected frequencies for each class.

(0, - E)?
(b) Calculate the value of;(falc using the formu|a)(3alc = Z %
i

(c) State the number of degrees of freedom and hence state the value of )(3(5 %)
(d) Carry out a goodness-of-fit test at the 5 % significance level to see whether the

proposed model fits the data. State the null and alternative hypotheses clearly.

Working: @ 0<x<1 100x dx = =30.5
o 18 9
26— x
1<x<2 100x - dx =25
J1
4
6 — 100 .
2<x<4 100X Xdx=— =333
J, 18 3
06— x 100 .
4<x<6: 100x dx = =11.1
J, 18 9
(0;— E)*
I ) | |
_ (36-30.5)° L@ 25)? L @2 33.3)? L (13- 11.1)°
30.5 25 33.3 11.1
)(galc ~ 5.78
(c) Degrees of freedom, v =4 —-1=13

The critical value at the 5 % level is )(32(5%) =7.815

(d) H, : the data can be modelled by the proposed model
H, : the data cannot be modelled by the proposed model
Since)(falc ~ 5.78 < 7.815 =;(32(5%), we do not reject H,,.
There is evidence to suggest that the proposed model is a good fit.
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E.g. 1 Test at the 10 % significance level whether the following data follows a continuous uniform

distribution.
Class I0<x<20 20<x<35 35<x<50 50<x<60 60<x<70
Frequency 21 18 17 12 22
1 1
Working: k=——=—
70=10 60
1
— 10<x<
=4 ® 0<x<70
0 otherwise
Sum of observed frequencies is 18 + 21 + 31 + 20 = 90
20-10
Expected frequencies: 10 < x < 20: 90 x 50 =15
35-20
20 < x < 35: 90 x 0 =225
50 —35
35 < x < 50: 90 x 0 =225
50 < x < 60: 90 x 606_050 =15
70 — 60
60 < x < 70: 90 x 50 =15

H,, : the data can be modelled as a continuous uniform distribution.
H, : the data cannot be modelled as a continuous uniform distribution.
(0, - E)*
2 _

Xeale = Z l E. l
211572 (18=2257% (17-2257 (12=152 (22—15)?

_( ) P ( ) N ( ) N ( ) N ( )

15 22.5 22.5 15 15

~ 8.51

Degrees of freedom,v =5 -1 =4

The critical value at the 10 % level iS)(f(lO%) =7.779

Since)(fulc ~ 8.51 > 7.779 =;(f(10%), we reject H,,.

There is evidence to suggest that the data does not follow a continuous uniform
distribution.
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E.g. 2 Atrain station collected data on the lateness of trains over a period of time.
Minutes late (<7 <4 4<t<8 8<Lr<12 12<t<20 20<t<30 30<t<60

Frequency 24 18 16 8 8 6

(a) Test at the 2.5 % significance level whether this follows an exponential distribution
with mean of 8, given that)(falc ~ 13.0 and the expected value for 30 <t < 60 is
about 1.84.

(b) Test at the 2.5 % significance level whether an alternative exponential distribution
would be more suitable.

Working: (a) The final two columns need to be combined since E; < 5
Degrees of freedom,v =5—-1=4
The critical value at the 2.5 % level isxf(Z.S%) =11.14
Since;(czalc ~ 13.0>11.14 =)(f(2.5%), we reject H),.

There is evidence to suggest that the data does not follow an exponential
distribution mean of 8.

(b) From the table, an estimation for the mean is 11.425

1
Sol = ~ 0.08753 so f(x) = 0.08753¢~0-08753x
11.425 )

0<t<4: 80x| 0.08753¢7008753qs ~ 23,6
J0
r8

4<r<8  80x| 0.08753¢7008733 s ~ 16.65
"4

8<t<12: 80x| 0.08753¢709873 g ~ 11.7
‘80

12<t<20: 80x | 0.08753¢ 9087313 ~ 14.1
tn%

20<1<30: 80x | 0.08753¢7008734; ~ 8.10
=

30<t<60: 80x | 0.08753¢70087534; ~ 5.37
30

No columns need to bg combined.
(0, - E)
2 _ 1 1 ~
= — - m 44l

Degrees of freedo;n, vr=6-1-1=4 mean was estimated
The critical value at the 2.5 % level is;gj(Z.S%) =11.14
Since)(czalc ~441 <11.14 = )(2(2.5%), we do not reject H,,.

There is evidence to suggest that the data does follow an exponential
distribution with a mean of 11.425.

Exercise
p145 71 Qu 1-4 (5 red)
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