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Equation of a plane

Starter

1.	 (Review of last lesson)  The coordinates of  and  are  and  		

respectively.  Find the equation of the line, whose direction vector is of the form 			
, that is the perpendicular bisector of .


Working: The midpoint of :		

 is perpendicular to :	      
          

     
The equation of the line is .


E.g. 1 (a)	 Find a vector equation for the plane in parametric form passing through the points 	
with position vectors ,  and .


(b)	 When would it not be possible to produce the equation of a plane given three 		
distinct points?


Working: (a)	 Any of the three points would be suitable for .

To find  and , find two vectors passing through pairs of points


 = 

N.B. Other vectors are possible

The equation of the plane is							

(b)	 If the three points were collinear, the vectors  and  would be 		
parallel and so they would not produce the equation of the plane.


E.g. 2 Let the lines  be  and  be .  Find the 		

equation of the plane which contains  and is parallel to .


Working: Since the point  lies on the line , it must also lie in the plane.  		
Therefore,  can be the point .

Since both  and  are parallel to the plane the vectors  and  can be 	

 and .  However, it is better to replace  by  


The equation of the plane is 

A B 2i − j + 3k 6i + 5j + k

α i − 3j + k AB

AB ( 2 + 6
2

,
−1 + 5

2
,

3 + 1
2 ) = (4, 2, 2)

AB = (6i + 5j + k)−(2i − j + 3k) = 4i + 6j − 2k
AB α i − 3j + k (4i + 6j − 2k) . (α i − 3j + k) = 0

4α − 18 − 2 = 0
α = 5

r = 4i + 2j + 2k + λ(5i − 3j + k)

2k i − 3j + k 5i + 2j

p
u v

u = (i − 3j + k)−2k i − 3j − k
v = (5i + 2j)−2k = 5i + 2j − 2k

r = 2k + λ(i − 3j − k) + μ(5i + 2j − 2k)

u v
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E.g. 3 Find the scalar product form of a plane which contains the point  and which is 	

perpendicular to the vector .


Working:

The equation of the plane is .


E.g. 4 The equation of a plane is given by . 	
Find the equivalent scalar product form of the plane.


Working:

 or we could use 

Let  be  and choose  to be 

The equation of the plane is  or 				

E.g. 5  Explain how to convert from parametric form, , to scalar product form.


Working: To find the perpendicular vector do .
Then find .

Finally, substitute into 

Cartesian form of the plane 


E.g. 6 Given that  is of the form , convert the equation of the plane  into its 	

Cartesian equivalent.


Working:

(7, − 3, 4)

(
2

−1
−5)

p . n = (
7

−3
−4) . (

2
−1
−5) = − 3

r . (
2

−1
−5) = − 3

r = (3 + 3λ + 4μ)i + (λ + 2μ)j + (1 + 3λ + 5μ)k

r = (
3
0
1) + λ (

3
1
3) + μ (

4
2
5)

n = u × v =
i j k
3 1 3
4 2 5

= (
−1
−3
2 ) (

1
3

−2)
p (

3
0
1) n (

1
3

−2)
p . n = (

3
0
1) . (

1
3

−2) = 3 − 2 = 1

r . (i + 3j − 2k) = 1
r . (−i − 3j + 2k) = − 1

r = p + λu + μv

n = u × v
p . n

r . n = p . n

r (
x
y
z) r . (

4
1

−7) = 5

(
x
y
z) . (

4
1

−7) = 5 ⇒ 4x + y − 7z = 5
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E.g. 7 Find Cartesian equations for the planes:


(a)	
(b)	

Working: (a)	 Replace  by :	  

The equation of the plane is .


(b)	 A vector perpendicular to the direction vectors is:


The equation of the plane is 

E.g. 8  Calculate a unit vector which is perpendicular to the plane .


Working: A vector perpendicular to the plane is 

The required unit vector is 

E.g. 9 Using the completed columns for lines in -dimensions, complete the table for lines and 		
planes in -dimensions:


Working:

Video:		  Parametric vector form of plane
Video:		 Scalar product form of a plane

Video:		 Cartesian form of a plane

Solutions to Starter and E.g.s 

Exercise

p79 4A Qu 1i, 2i, 3i, 4i, 5i, 6i, 7i, 8i, 9-17

r . (2i + 3j − k) = 6
r = 2i + j − k + λ(2i + k) + μ(−i − j + 2k)

r (
x
y
z) (

x
y
z) . (

2
3

−1) = 6

2x + 3y − z = 6

n = u × v =
i j k
2 0 1

−1 −1 2
= (

1
−5
−2)

k = p . n = (2i + j − k) . (i − 5j − 2k) = 2 − 5 + 2 = − 1
x − 5y − 2z = − 1

2x + 3y + 6z = 10

2i + 3j + 6k
2i + 3j + 6k = 22 + 32 + 62 = 7

1
7 (2i + 3j + 6k)

2
3

2-D (line) 3-D (line) 3-D (plane)

axisz−

axisy− axisy−

axisx−axisx− y = 0

 planex − z−x = 0

 planey − z−

planex − y−

2-D (line) 3-D (line) 3-D (plane)

axisy−

planex − y−

x = y = 0

x = z = 0 y = 0

axisz−

axisx−

x = 0 planey − z−

x = 0

y = 0

axisy−  planex − z−

z = 0axisx− y = z = 0
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