Differentiation of hyperbolic functions

Starter
1. Solve the equation 3 cosh x — 2 sinh x = 3.
Working: 3coshx —2sinhx =3
) o 3(e*+e™) 2e*—e™)
Using the definitions: 5 — =3
Multiply by 2¢*: 3¢ 43 — 2e%x + 2 = 6¢e”
e —6e* +5=0
(e*=1)(e*—=5=0
Either e =1 or e =
x=0 or x=1In5

Solve 2 cosh? x + sinh x = 30.

2.
Working: 2 cosh? x + sinh x = 30
Replace cosh” x by sinh® x + 1:  2(sinh? x 4+ 1) + sinh x = 30
2sinh? x 4+ sinh x — 28 =0
(2sinh x — 7)(sinhx +4) =0
7
sinh x =5 or sinhx = —4
. -1 7 . -1
x = sinh 5 or x =sinh™'(—4)
7 7\, 5
=In( 5+ <5> +1 = In(=4 +1/(=4)% + 1
7+4/53
= 1n<T> =In(—4++/17)
3. By differentiating the definition of sinh x, find the derivative of sinh x in terms of a
hyperbolic function.
) et —e™*
Working: Lety = sinh x =
d X + —X
D _27T¢ _ oshx

dx 2
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4. Work out the derivative of: (a) cosh x (b) tanh x.

Working:

(a)

E.g. 1 Differentiate these functions:

(@  y =sinh4x
d y=e

Working:

cosh x

(@)

(b)

(c)

(d)

er+e™
Lety =coshx = ——
d X _ ,—x
od_c7e sinh x
dx 2
ef—e™
Lety = tanh x = ——
er+e™
dy (ex + e_x) (ex + e_x) — (ex — e_x) (ex + e_x)
dy e+ l4+l+e X —e+1+1—e
dx (ex+ e—x)Z
dy 4
dx  (e*+e™)2
dy 1
dx  cosh?x
() y =cosh?x (c) y = Insinh x
() y =coshxsinhx
d
Lo 4 cosh 4x
dx

y = cosh® x = (cosh x)?

d

d_y = 2 x sinh x X (cosh x)>~! = 2 sinh x cosh x = sinh 2x
X

dy coshx

— = — = coth x

dx  sinhx

d

6Y _ sinh xe®osh ¥

dx

dy

i sinh x X sinh x + cosh x X cosh x = sinh? x + cosh? x
X
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E.g. 2 Find the exact x—coordinate of the stationary point of the graph y = e* sinh 2x.

d
Working: d—y = 5¢%sinh 2x + 25 cosh 2x = ¢5(5 sinh 2x + 2 cosh 2x)
X
d
A SP occurs when d_y =0: 65"(5 sinh 2x + 2 cosh 2x) =0
X
Since ¢°* > 0: 5sinh2x +2cosh2x =0
tanh2x = —-04
. 1 1 +x 1 1-04
tanh™ x = —1n : x=—1In
2 1 —x 4 1404
1 3
x=—In—
4 7
E.g. 3 Lety = A cosh kx + B sinh k)é
d
(a) Find an expression for d—); in terms of y.
X
d2
(b) Hence find y as a function of x given that d—); = 4y, and that whenx =0,y =2
X
d
and &y =2.
dx
Working: (@@ y=Acoshkx + Bsinhkx
d
£Y _ Ak sinh kx + Bk cosh kx
X
dy ) )
ﬁ = Ak*cosh kx + Bk“sinh kx
X
= k(A cosh kx + B sinh kx)
dzy 5
— =K%y
dx?
d2y .
(b) ﬁ=4y = k=2 = y=Acosh2x + Bsinh2x
X
Whenx =0,y =2: 2=A4+0 => A=2
dy

—— = 4sinh 2x + 2B cosh 2x

dx J
Whenx=0,d—y=2: 2=0+42B = B=1

X
..y = 2cosh2x + sinh 2x

Exercise
p143 6E Qu 1i, 2-10
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