Deriving multiple angle formulae

Starter
1. State the geometrical effect of:

(a) multiplying a complex number z by —3\/5 + 3i
1 1
(b) dividing a complex number z by _Z - Z\/gl

Working:  (a) | —3v/3+3i|=1/GV3)?+3*=6

Sr

arg (—=3v/3 +3i) = N

V3
Enlargement by scale factor 6 and a ? anticlockwise rotation about

the origin.
1 1 1 1 1 47
(b) ————43i| == arg| ————V3i | =—
4 4 2 4 4 3

V3
Enlargement by scale factor 2 and a ? clockwise rotation

about the origin.

2. _ A complex number, w = kei¢, is multiplied by complete number
the z = re'? = a + ib to form a new complex number, wz. State the complex number
which we need to multiply wz by to return to w. Give your answer in terms of:

(a) rand @ (b) a and b.
1 . .
Working: (a) Need an enlargement, scale factor — and a 6 clockwise rotation.
r
1 .
The required complex number is —e ™.
r
1
(b) W =WIX—=Ww
Z
So the required complex number is:
1 1 1 a—ib a—ib

= = X = .
z a+ib a+ib a-ib a’+b2
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By using De Moivre’s Theorem and the binomial theorem find two expressions for

(cos @ +isin0)>. Hence write down expressions for cos 36 in terms of cos 6, sin 36 in
terms of sin @ and tan 36 in terms of tan 67

Working: De Moivre’s Theorem: (cos @ +isin@) = cos 30 +isin 30
Binomial:
(cos@ +isin0)> = cos® @ + 3icos? O sind — 3 cos P sin’ O —isin’ O
-.cos 360 +isin30 = cos® @ + 3icos? @ sind — 3 cos O sin® @ — isin® O
Equating real and imaginary parts:
Real: cos 360 = cos’ 0 — 3 cos O sin* 0
=cos’ 0 — 3cosO(1 — cos? )
=4cos’@ —3cosf
Imaginary:  sin 36 = 3 cos? 0 sinf — sin’ 6
= 3(1 —sin?@)sin O — sin’
=3sinf —4sin’ 4

sin 30
tan 30 =
cos 39 _ -
_ 3cos“0sin@ —sin” 0
" cos30 —3cos O sin2 0
3cos? @ sin @ _ sin3 @
.. 3 - cos3 6 cos3 0
Divide each term by cos” 0: tan 360 = '
cos3 6 _ 3 cos @sin2 @
cos3 60 co§3€
_ 3tan6@ —tan’ 0
~ 1-3tan26

cos30 =4 cos’ @ — 3 cos
sin 30 = 3sin 6 — 4sin> 0
3tan 6 — tan> 6

1 —3tan2 6@

tan 30 =
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E.g. 1 Using the expansion of (cos @ + i sin 0)*, find expressions for cos 46 in terms of cos 6,
sin 48 in terms of sin @ and cos € and tan 464 in terms of tan 6.

Working: De Moivre’s Theorem: (cos @ +isin@)* = cos 460 +isin46
Binomial:

(cos @ + isin 0)* = c* + 4dic’s — 6¢%s? — dics® + s*
cos 40 +isin40 = c* + 4ic3s — 6¢%s? — dics® + s*
Equating real and imaginary parts:

Real: cos46 = cos*@ — 6 cos? 0 sin” 0 + sin* @
cos*@ — 6cos? (1 — cos? @) + (1 — cos? 0)?

= 8cos*f —8cos? 6 + 1
Imaginary:  sin46 = 4 cos> 0 sin@ — 4 cos 0 sin’ 0
sin46

tan460 =

cos 460
_ 4cos’0sin@ — 4 cos O sin’ 0

"~ cos?O — 6c0s20sin2 6 + sin* 4
Divide each term by cos” 0:
4cos30sind 1 4 cos Osin3 0
cos* @ cos* 6
tan 46 = cos*  6cos?fsin? g sin4 @
cos* @ cos* @ cos* 6
Adtan @ — 4tan’ 0
1 —6tan? 0 + tan* 0
cos46 = 8cos*@ —8cos?0 + 1
sin46 = 4 cos> @ sin@ — 4 cos 9 sin> 6
4tan 6 — 4tan’ 0

1 —6tan?6 + tan* 6

tan40 =

tan40 =

Exam questions: Deriving multiple angle formulae using De Moivre's Theorem

Exercise
p57 3AQu 1-8
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