De Moivre’s theorem
Starter

1
1. By finding the modulus and argument of 5 + iT, find the exact
1 3
value of | — + ii 6,
2 2

Working:

1 3
<—+i£>6] —6X 2 =2z
3
1 3 )
— +i— )%= 1(cos 2z +isin2z) = 1
2 2
, [ TN Liain( Y10
2. Find the exact value of cos(§> +i sm(g) .
T . (7 T . (T T
Working: cos(—) +ism<—> = 1 and Arg cos<—> +is1n<—) =—
5 5 5 5 5
[cos<£> +isin<£>] L
5 5
V2 . (7|0 b2
Arg cos(—) +|s1n<—> =10x—=2x
5 5 5

% .. [T\ |10 o
cos<§> +|sm(§> =cos2r +isin2x =1

= V=1l

3. Letz = r(cos@ +isin@).
(a) State values for the following in terms of r and 6:

1 1
(i) | 22| &arg (z%) (ii) |23 | &arg (z7) (iii) |z2| &arg (22).
(d) Hence, conjecture a theorem for z”, expressing your answer in terms of r and 6.

Working: (@ () | 22| = r? arg (z%) = 2arg (z) = 20

@ 12 =r arg (z°) = 3arg (z) = 30
1 1
i) |z7|=r7= Vo arg (22) = Sarg (z) = 59

)y ["[=r" arg (z") = narg (z) = n6
St =r"(cosnf +isinnf)
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E.g. 1 Use proof by induction to prove De Moivre’s theorem for all positive integers.

Working: Let P(n) be the statement (cos @ +isin )" = cosnf + isin né.
P(1) is true since (cos @ +isin@)! = cosO +isind = cos 16 + isin 16.
Assume the statement is true for k where k < n
So P(k) is the statement (cos @ + isin @)* = cos k0 + isin k@
Pk +1): (cos @ +isin @) = (cos k@ +isin kO)(cos O + isin )
= (coskf cos@ —sin k@ sinf) + i(sin kO cos @ + cos kf sin Q)
= cos(k@ + 0) +isin(kf + 9)
= cos(k + 1)0 +isin(k + 1)0
This is the formula with k replaced by k + 1. Therefore since P(1) is true and if
P(k) is true then P(k + 1) is also true, then by induction P(n) is true for all positive
integer values of n.

Proof of De Moivre’s Theorem when n is a negative integer
E.g. 2 By assuming n is negative, i.e. n = — m where m is a positive integer, and using

7~ = —, prove De-Moivre’s Theorem for negative integers.
Zm

Working:
(cos@ +isin@)" = (cos @ +1i sin@)™"

- (cos@ +1i sin @)™

= — since m is a positive integer
cosm0 -Il— isinmo

cosm@ —isinm@

multiply by complex conjugate

. X ;
cosm@ +isinm@  cosm@ —isinmb
cosm@ —ismmmo

cos2m6 + sin2 m@
cosm@ —isinm@
cos(—m@) + isin(—m@)
=cosnf +isinnd

E.g. 3 (a) State an expression for cos(—@) in terms of cos 6.
(b) State an expression for sin(—@) in terms of sin 6.
(c) Hence find an expression for (cos @ — isin 8)"

Working: (a) cos(—6) = cos b
(b) sin(—@) = —sin 6
(c) (cos@ —isin@)" = [cos(—Q) +i sin(—Q)]”

= cos(—n@) +isin(—nb)
=cosnf —isinnf
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E.g. 4 Use De Moivre’s theorem to simplify the following:
T L. T 12 T V3 3
(@) cos g 4+ isin g (b) cos — +i sm —

COS— — |sm >3
©) [cos( — %) +isin< — %)]—4 d) < ,,)
COS— +ISI 7
(COS— +ISIIl %)8

) T . T\ 12z . 127 .
Working: (a) COS — +ismn — =COS—— +isSIn — = —i
8 8 8 8

ﬂ__]l'>3 3r . 3« 1_\/§

COS — 4+ isin — =COS— +isln— = — — |——
9 9 9

9 2 2

4 4 1 3
() C0s<—%>+isin<—%)]‘4=cos%+isin?ﬂ=——+i£

2 2
n 7 \3 cos( —2Z) +isin( -2 )3
<COST—ISII’17> 7 7
(d) r o = 87
cos(—%>+isin<——”>
= 8

8 ..
cos — +isin —-
= cos( — 27r) +i sin( — 271)

=1

COS— +isin 2= |8 16 16
5 cos 2% 4+ isin 1%
A 5 5
(e =

I . On
3z .3 ' 2z
(cos?” —isin ?”>3 cos( S ) +|s1n< S >

=cosSx +isin S«
=cosx +isinrx
=—1
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E.g. 5 Express (1 — i\/§)4 in the form a + ib.

Working: |1 — i\/gl =1/ 12 + (—\/5)2 =2

3 5
Arg (1 —iy/3) =27r—tan‘1£ :?ﬂ

1
e St 5my|,
(1—|\/§) = [2(005 3 +isin 3 )]

207 - 20z
=16 CosT+ism—

2 . 2z
=16 cos—+is1n—>
3 3

)

2
= —8+i8/3

E.g. 6 Evaluate :
(1-1/3)3

Working: —— = (1 —i 3)_3

[ 5. 5¢ ]_3
2<cos—+|s1n—>
3 3

= —[cos(—57) + isin(—57)|

—O0 | =

= —(coszm +isinrx
< )
1

8
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E.g. 7 Express (sin 0 +icos 9)" in the form cos nk + isin nk where k is an expression in
term of @ that is to be found.
Hint: sin@ +icos® =i(cos® —isin0)
Working: (sin@ +icos 9)” = [i(cos@ —isin 0)]”
= i"[cos(—6) + isin(—a)]"
= i"|cos(—nB) +i sin(—n@)]
T . T )
= <cos > +isin 5)”[003(—n9) +i sm(—n&)]
- <cos 27 tisin —) [cos(—ne) +i sin(—nH)]
= cos(ﬂ — n9> +i sin(E — n9>
2 2

T ) V4
= cosn(— — 9> + is1nn(— — 9)
2 2

Exercise
p29 2A Qu 1i, 2-7
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