Complex exponents (including Euler’s formula)
Starter

1
1. Show that (— 1 + i)' is real and that ———— is purely
(=1 +1i)°

imaginary, giving the value of each.
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2. Let f(0) = ” , Wwhere eV # 0.
e
(@) State the value of f(0).

(b) Find f'(€), simplifying your answer as much as possible. Hence, describe the type
of function, f(8).

cosf +isinf
(c) Using your answers to (a) and (b), state the value of 7 and write down
. e
an expression for €',
cos0+|smO 1+ 0i
Working: @ fO)= =1
el 1
' (—sin@ +icost9)><ei9— iei9(0039 +isin @)
B fO) = —
7(0) = —sin@ +icos @ —igi(cos 0 +isinf) cancel ¢lf
e
—sin@ +icos@ —icos @ + sin 6
16) = —
J(0) = ; |
O since €' # 0

The derivative of f(0) is zero regardless of the value of 6.
Therefore, f(0) is a constanti.e. f(0) = k

(c) Since f () is a constant and f(0) = 1, then /() = 1.
cos@ +isind

Hence, ” — 1 and €l = cos @ +isin@
e
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E.g. 1 State the value of e (this is known as Euler’s identity).

Working: e€” =cosz +isinz = — 1
ie. irrational numberimaginary number x irrational number _ _ 1

E.g. 2 Express each of the complex number in the form re'?:
@ 1+i b /3 —i
I +i
(©) v @ (+D0/3-0)
—i

Working: (a) I1+i= \/Eei%

ill]r

) 3-i= 2e7'5 or 2¢'s

I+i \/Eei%
\/§ — i 2¢71%
@  A+D0/3 ) =126 x2e75 =2¢/2e' 2
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(©) 2 it
C = e
2

E.g. 3 Express in the form a + ib: _
(@) 4e'3 ()  Se” ) e

x 1 3
Working: (@) 4€'3 = 4(cos % +isin g) = 4(5 + |§> =2+ i2\/§

(b) Sei”=5(coszr+isinﬂ)=5(—1+0i)=—5

() e"%=c0s<—g>+isin(—%>=O—i=—i

E.g. 4 Find expressions for ¢ + ¢ and ¢ — ¢~ in terms of cos @ and/or sin &

Working: e 4+ ¢70 = cos @ +isin O + cos(—0) + i sin(—0)
=cosf +isin@ + cos@ —isinf
=2cosd

e’ — e = cos 0 +isin O — (cos(—0) + isin(—0))
=cosf +isin@ —cos@ +isinf
= 2isind

E.g. 5 Given that z = 2 + 3i, express e in the form a + bi, giving your answer to 4 s.f..
Working: % = > = ¢ x ¥ = e%(cos 3¢ + isin 3°) = — 7.315 + 1.043i (4 s.f))

So if z = x + iy, the definition of e*is e* = et = ¥ x el = e*(cosy +isiny).
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Video: De Moivre's Theorem
Video: Exponential form (Euler's relation)

Solutions to Starter and E.g.s

Exercise
p33 2B Qu 1i, 2i, 3i, 4i, 5-12
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