Volumes of revolution

Starter
® x
1. Find J d x and state whether it is convergent or
L 1+x2
divergent.
Notes

When a curve is rotated 360° around the x—axis a 3-D
solid is formed. This solid is called the volume of
revolution or solid of revolution

Deriving the formula
The derivation of the formula for the volume of solid of revolution is similar to finding the area
between a curve and the x—axis. In this case, the volume is split up into discs of width 6x and

height, y or f(x). ). 5
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Since volume of cylinder = ﬂrzh, each disc has volume 0V where 6V ~ 7zy25x.
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Rearranging gives: — X 7y
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SoV = ﬂJ yzdx around the x—axis (limits must be x—values)
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E.g. 1 Find the exact value of the volume of solid formed when the area between the curve
y = 3x%for 0 < x < 3 and the x—axis is rotated through 360° about the x—axis.
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Ox*dx = fc[%xsl = 2158777 =437 4x

Working: V= ﬂJ
0

(Bx?)?dx = JTJ
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E.g. 2 Calculate the volume of the frustum of a cone formed by rotating the area between the line
y = 2x + 3, the ordinates x = 1 and x = 4, and the x—axis through 27z about the x—
axis.
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Curve rotated about the y— axis

X9
E.g. 3 The volume of solid of revolution about the x—axis is V. = ﬂ'J yzdx. Write down the
X1

equation for volume of the solid which is rotated around the y—axis.

2
Working: Vy = nJ xzdy (notice that the limits are y—values)
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E.g. 4 Find the exact value of the volume formed when the curve y = x” is rotated 27 about the

y—axis betweeny = 1 andy = 8.

Curves defined parametrically

dx d
Replace y2 (or xz) by the corresponding function of # and write dx = d—dt (ordy = d—ydt).
t t

5] d 153 d
eV, = EJ yz—xdt or V, = EJ 2
dt dt

y
5] n

E.g. 5 Find the volume obtained when the curve given by the parametric equations x = 3+ 1,
y = 1, between t = 0 and ¢ = 2 is rotated through 27 radians about the x —axis.

Volume between two curves
E.g. 6 (a) State the formula for the area between the curves y = f(x) and y = g(x), given
they intersect at the points x = x; and x = Xx,.
(b) Hence state volume of the solid when the area between the curves y = f(x) and
y = g(x) is rotated through 27 radians about the x—axis. You may assume the
curves intersect at the points x = x; and x = Xx,.
(c) The area between the curve y = x? + 10 and the straight line y = 7x is rotated
360° around the x—axis. Calculate the volume of the solid.

X2 )
Working: (a) Area = 77:[ f)dx — EJ gx)dx

X1 X1

nJ (fx) — g(x))dx
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Volume of revolution (x-axis) EQ
Volume of revolution (y-axis) EQ
Volume of revolution (parametric) EQ

Exercise
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Summary

)
Volume of solid of revolution about the x —axis: V.= 71'[ y2dx
b
Volume of solid of revolution about the y—axis: K = EJ xzdy
Vi
2 dx
Parametric forms: V, = 71'[ yzd—dt (about x—axis)
t
t
b dy
V,= JZJ xzd—dt (about y—axis)
[t

Volume between two curves =

x2
nJ (f(0)* = g(x)?)dx
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