Simple harmonic motion

Starter
Zx

1. Find the general solution of the equation W + w’x =0.
5

Notes

Simple harmonic motion (SHM) is when the acceleration of a particle is proportional to its
d*x

displacement but acts in the opposite direction i.e. ﬁ X —X
t

d*x

So SHM can be modelled by —— = — w?
dr?

2

xor X = — @w*“x and its general solution is

x = A sin wt + B cos wt, where w is called the angular frequency, whose units are s.

The force acting is always acting to return the object to the centre position and the maximum
velocity occurs when the object passes through the centre position. The average position around
which the object oscillates is called the centre line.

SHM is used to describe motion with small oscillations, for example with springs or pendulums,
and so it would be useful to know the amplitude and period of oscillations. To do this we need to
write it in a form involving only one trigonometric ratio.

E.g. 1 Express x = A sin wt + B cos wt in the form x = R sin(wt + ¢). Hence state the
amplitude and period of the oscillations

Initial position
E.g. 2 The general solution for SHM is x = A sin wt + B cos wt.
(a) Given that the initial position of the object is on the centre line, find the equation of
the general solution and state the amplitude of the motion.
(b) Instead, if initially the object is at the maximum displacement, find the equation of
the general solution and state the amplitude of the motion.
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X
E.g. 3 Consider the differential equation ) +9x =0.
t
(a) Write down the general solution.

dx
(b) Given the initial conditions x = 0 and d_ = 1, find the particular solution.
t

(c) Write down the period and amplitude of the oscillations and sketch a graph.

Connecting velocity and displacement

. d’x dv dx dv . .
E.g. 4 Giventhata = —— = — = — X — derive a formula for velocity, v, in terms of x and
dr?  dtr dt dx
A, where A is the amplitude of the SHM.


https://www.mathspanda.com
https://www.geogebra.org/m/HfxhvHMq
https://www.geogebra.org/m/PS999ZYk
https://www.animations.physics.unsw.edu.au/jw/SHM.htm

N.B. The relationship between velocity and displacement for a particle moving with SHM is
v = 0*(A? — x?), where A is the amplitude of the motion.

d*x
E.g. 5 Aparticle’s motion is described by the differential equation ) + 16x = 0. Its amplitude
t

is 0.3 m.

(a) State the angular frequency of the motion.

(b) Find the maximum velocity of the particle.

(c) Find the velocity of the particle when it is half-way between the centre position and
its maximum displacement.

Limitations:
®  The formula only works for small oscillations (20° or less).
® The formula suggest the motion will continue forever but air resistance will decrease
oscillations over time such that motion will cease.
[ The mass of the string is neglected.

Exercise
p248 11B Qu 1i, 2i, 3i, 4-12

Summary
. . , . —
The differential equation for simple harmonic motion is ﬁ +wx =0.
4
The general solution for SHM is x = A sin wf + B cos wt, where w is called the angular

frequency of the motion, whose units are s-1.
Amplitude: R =+/A?+ B?

_ 2r
Period: Tr=—
a) .
If the initial position is the centre line: x = A sin wt
If the initial position is the maximum displacement: x = B coswt
Relationship between velocity and displacement: V2 = 0*(A% - x?)

where A is the amplitude of the motion.


https://www.examsolutions.net/tutorials/solving-the-differential-equation-%E1%BA%8D-2x/?level=A-Level&board=OCR&module=Further%20Pure%20Core%20Maths%20A-Level&topic=24189
https://www.youtube.com/watch?v=wWAnslf_km0
https://www.mathspanda.com/A2FM/WES/Simple_harmonic_motion_WES.pdf
https://www.mathspanda.com
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