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Intersection between a line and a plane

Starter
1. (Review of last lesson)  A plane passes through the points ,  and 

.  Find the vector equation of the plane: 
(a) in parametric form, 
(b) in scalar product form.

2. (Review of last lesson)  The Cartesian equations of a line and plane are: 

 and  respectively.  Find a value for  given that:

(a) the line and plane are parallel, 
(b) the line and plane are perpendicular.

3. (Review of last lesson)  Write down the equation of the plane.

4. What are the possibilities for a line with respect to a plane?  

Notes
Equation of straight line in 3-D
Vector equation of line

 where  is the position vector of an fixed point on the line
         is the direction vector of a vector parallel to the line and 
         is a parameter

Scalar product:
where 

 is a point lying in the plane
and  is a direction vector perpendicular to the plane

E.g. 1 Below are diagrams for the three possibilities for a line, , and plane, .

Intersects      Parallel          Lies within

Describe a test that could be carried out to check for each situation.

Working: Intersects: show that the direction vector of the line is not perpendicular 
to the perpendicular vector of the plane i.e. the scalar product 
is not zero.

Parallel:  show that the direction vector of the line is perpendicular to 
the perpendicular vector of the plane i.e. the scalar product is 
zero.

Lies within: as above for parallel and show that the fixed point on the line 
also lies in the plane.
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Success Criteria — finding the relationship between the line  and plane 
Method 1 — the thinker’s method

1. Find .
If , the line is either parallel to, or lies in, the plane.
If , the line and plane intersect.

Parallel or lies in the plane: see if the fixed point of the line lies in the plane
2. Substitute the coordinates of the fixed point of the line into the equation of the plane.

	 	 If the coordinates satisfy the equation of the plane  the line lies in the plane.

	 	 If the coordinates do not satisfy the equation of the plane  the line does not lie in 	
	 	 the plane.

	 Intersecting


3. 	 Express the ,  and  of the line in terms of a parameter, say .

4. 	 Substitute into the equation of the plane and solve to find the parameter.

5. 	 Substitute the value of the parameter into the equation of the line to find the point.


E.g. 2 State whether these lines are parallel to, intersect or lie within the plane .
If they intersect, find the point of intersection.
(a) (b)
(c)  (d)

Working: (a)    intersecting

Subst. into :   
     

     

When , 

The line and plane intersect at .

E.g. 3	 By ignoring the result that  for E.g. 2 (b) & (c), continue the method from 	 	
	 “Express the ,  and  of the line in terms of a parameter, say .” and solve the resulting 	
	 equation.  Interpret your findings.

	 (a)	  and 

	 (b)	  and 


	 Working:	 (a)	 


Substitute in equation of plane:       
           

Since no value of  satisfies this equation, there is no point of 
intersection i.e. the line is parallel to the plane.

Therefore, we do not need to calculate  as the first step

r = p + λd r . n = k

d . n
d . n = 0
d . n ≠ 0

⇒
⇒

x y z λ

2x − y + 3z = 5

r = − i + j + 2k + λ(3i + 2k) r = j + 5k + λ(i − j − k)
r = − 2i + 3k + λ(5i + 4j − 2k) r = i + j + λ(3i + j − k)

d . n = (3i + 2k) . (2i − j + 3k) = 12 ≠ 0 ⇒

r = − i + j + 2k + λ(3i + 2k) =
−1 + 3λ

1
2 + 2λ

≡ (
x
y
z)

2x − y + 3z = 5 2(−1 + 3λ) − 1 + 3(2 + 2λ) = 5
12λ + 3 = 5

λ =
1
6

λ =
1
6

r = − i + j + 2k +
1
6

(3i + 2k) = −
1
2

i + j +
7
3

k

( −
1
2

, 1,
7
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d . n = 0
x y z λ

2x − y + 3z = 5 r = j + 5k + λ(i − j − k)
2x − y + 3z = 5 r = − 2i + 3k + λ(5i + 4j − 2k)

r = j + 5k + λ(i − j + k) =
λ

1 − λ
5 − λ

≡ (
x
y
z)

2λ − (1 − λ) + 3(5 − λ) = 5
0λ = − 9

λ

d . n

Page  of 2 3

https://www.mathspanda.com


www.mathspanda.com
Method 2 — the intersecting method
This method starts by assuming the line and plane intersect, but half-way through can divert us if 
they do not intersect.

1. Express the equation of the line as one column vector.
2. Replace ,  and  in the equation of the plane by the ,  and  components of the 

line.
3. Solve the equation for :

 (where  is a number)  point of intersection
 ( values cancel i.e. inconsistent)  line is parallel to plane
 ( values and numbers cancel)  line lies in the plane

4. If , substitute the value into the equation of the line to find the point of 
intersection.


E.g. 4 The line  is contained in the plane .  Find 

the values of  and .

E.g. 5 Find the equation of a line that lies in the plane .

E.g. 6 Find a vector equation of a plane which passes through  and whose normal is 
parallel to the line .  Hence find the coordinates of the 
point of intersection of the line and the plane.

Video: Intersection between a line and a plane
 

Solutions to Starter and E.g.s 

Exercise
p83 4B Qu 1i, 2ac, 3-6

Summary
Finding the relationship between a line and a plane:

1. Express the equation of the line as one column vector.
2. Replace ,  and  in the equation of the plane by the ,  and  components of the 

line.
3. Solve the equation for :

 (where  is a number)  point of intersection
 ( values cancel i.e. inconsistent)  line is parallel to plane
 ( values and numbers cancel)  line lies in the plane

4. If , substitute the value into the equation of the line to find the point of 
intersection.


If , the line is either parallel to, or lies in, the plane.
If , the line and plane intersect.

x y z i j k

λ
λ = a a ⇒
0λ = a λ− ⇒
0λ = 0 λ− ⇒

λ = a

r = 2i + bj − 3k + λ(a i + 2k) r . (
3
1

−6) = 25

a b

x − 4y − 3z = 10

(2, 3, − 1)
r = 5i − 2j + 4k + λ(3i + j + k)

x y z i j k

λ
λ = a a ⇒
0λ = a λ− ⇒
0λ = 0 λ− ⇒

λ = a

d . n = 0
d . n ≠ 0
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