Integration involving inverse trigonometric and hyperbolic functions
Starter

. N dy
1. Given that y = sinh x, find —.
dx

1 1 X
2. (a) By letting x = a tan u, prove that J—dx =—tan"!{ = ) +c.
a’+ x2 a a

1 X
(b) By letting x = a cosh u, prove thatJ —dx =cosh™ (—) +c

X2 — g2 a
forx > a
Notes
The standard integrals leading to inverse trigonometric and inverse hyperbolic functions are:
[ 1 ) X
dx =sin”'[ =) +¢ for |x| <a
a2 — x2 a
1 1 i x
———dx = —tan — | +c
J a?+x2 a a
1 . X x+V X%+ a?
—dx=sinh™!{ =) +corIn
[ 1 X x+vVx?-a?
—dx=cosh™[=)+corln forx > a
JA/x2 = g2 a a

All of these appear in the formula booklet.

1 1
Eg. 1 Find: (a) J dx (b) J—dx
4 + x2 2 — 36

) 1 1 I x
Working: (a) T dx = mdx = ) tan 5 +c

The formula in the booklet are all well and good until the coefficient of x?isnot 1.
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1
E.g. 2 (a) By using integration by substitution, find J—dx.
\Vb2x2 + a?

(b) Hence write dowln expressions for:

0 — dx
J A a2 — p2x2
N
(if) | 2+ [izxz X
(iii) —  dx
J /22 — 2
a . dx a a
Working: (a) Letx = 3 sinhu = 70 = —coshu = dx =—coshudu
1 “ a cosh u
—dx = du
\Vb%x2 + a? by/a?sinh? u + a2
[ acoshu
= dlxl
J br/a? cosh?u
[ acoshu
= | —du
J Cllb cosh u
= | —du
lb
7
=—+4c
b
I (bx / a .
= — sinh — | +c since x = — sinh u
b a b
1 1 _.f bx
.| ——dx = —sinh — | +c
b2x2 + a2 b a
1 1
E.g. 3 Find: (a) ——dx (b) ——dx
0 — 4x2 v 64x2 + 20
1 1 1. 2x
Working: (a) ——dx=|——dx =—sin" — +c¢
V9 — 4x2 V32— (2x)? 2 3

Answers resulting from definite integration questions involving in sinh~! or cosh™! are best
expressed in terms of In.
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E.g. 4 Evaluate these definite integrals, leaving your answer in exact form:
1

2 1 3 1
(a) J—dx (b) J dx

\/25,2 _ 1 + 9x2
1 v/25x 16 %

2 2
1 1
Working: () J —dx =[ —dx
1 4/25x2 - 16 14/ (5x)? — 42
1 _y x 2
= —|cosh™ —
5 41,
1 e 5
= —| cosh™ — —cosh™ —
5 2 4
Gy (3) )Gy (G) )
=—|ln{ =+ —] —-1)—=In{—+ -] -1
5 2 2 4 4
1 <5+\/21>

2

..OF... = %[ln(Sx +V/25x% — 16)]
1

= %<ln(10+ \/@) . ln(5 + 3))
! (M)
4

=—1In

Sometimes the expression in the denominator requires manipulation to get it in the form required
for integration.

1 1
E.g. 5 Find: (a) J dx (b) J dx
VX2 —6x+5 V33 —8x —x2
1 1
Working: (a) dx = dx
Vx2—6x+5 Vx—=3)2-4
1
= dx
vV (x —=3)2-22
= cosh +c
2
! 1
E.g. 6 Find the value of[ dx.
~1y/x2+4x +5
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Exercise
p160 7C Qu 1i, 2i, 3i, 4-15

Summary
[ 1 1 . _1<bx>
———dx =—sin — | +c
a2 — b2x2 a
1 1 b
dx = —tan~ ' = ) +¢
a? + b2x2 ab < a )
1 1 . . bx
———dx = —sinh — | +c
) \/b2x2 + g2 b a
[ 1 1 _f bx
———dx = —cosh — ) +c
\/b2x2 — g2 b a

sinh™'x = In(x + Vx> + 1)
cosh™'x =In(x + Vx> - 1)

1 1+
tanh~!x = 5111( x)

1—x
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