Induction and series

Starter
1.
4
Write down the series of numbers and their total as denoted by Z (5r +2).
r=1
(o] 1 n
2. Find the value of TX | =
27x(3)

n=1
. . 1 2 2 3. . .
3. Simplify Zk (k + 1)+ (kK + 1)’ into one algebraic expression.

Notes

The method of proving by induction is the same with series but the key is to add the next term in
the sequence to the given formula for the sequence. Then factorise the formula in such a way to
show that the formula is same but with k replaced by k + 1.

Here are four stages to proof by induction:

1. (Proposition) Statement of the proposition P(n)

2. (Prove the basic case) Prove the result forn = 1.

3. (Inductive steps) Assume the result is true for k and then prove that if the result for k
is true then the result is also true for k + 1

4.  (Completion of the proof) “But this is P(k) with k replaced by k + 1. Therefore, if
P (k) is true, then P(k + 1) is also true. P(1) is true and if P(k) is true, then P(k + 1)
is true. Using the principle of mathematical induction, P(n) is true for all positive
integers.”



1
E.g. 1 Prove by induction that 2 @Br-1)= —n(3n + 1).

Working:

r=1

(Proposition)

1
Let P(n) be the proposition that Z QGBr-1)= —n(3n +1).

r=1
(Prove the basic case)

1
Whenn=1,LHS=3><1—1=2andRHS=EX1X(3X1+1)=2
Therefore P(1) is true.

(Inductive step — n replaced by k)

Assume that P (k) is true i.e. 2 @Br-1)= —k(3k +1)

r=1
(Inductive step — consider the next term)

Add the next Itcerm to both sides:
+1

P(k+1)=2(3r—1)

r=1
1
=5k(3k+1)+3(k+1)—1
(Inductive siep — manipulation to show the formula is the same)
=5<3k2+k+6k+6—2>

1 2
= —Gk2+ Tk +4)
= —(k+ Gk +4)

= E(k + DBk +1)+1)

(Completion)

But this is P (k) with k replaced by k + 1.

Therefore, if P(k) is true, then P(k + 1) is also true.

P(1) is true and if P(k) is true, then P(k + 1) is true. Using the principle of
mathematical induction, P(n) is true for all positive integers.

1 1 1 1

1 1
Eg. 2 Provebyinductionthata+—+—+—+... +—=1-—.

4 8 16 2n 2n

1
E.g. 3 Prove by inductionthat I X2 +2 X3+ ...+ n(n+1) = gn(n + D)(n +2).
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Exercise
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Summary

Here are four stages to proof by induction:

1.
2.
3.

4.

(Proposition) Statement of the proposition P(n)

(Prove the basic case) Prove the result forn = 1.

(Inductive steps) Assume the result is true for k and then prove that if the result for k
is true then the result is also true for k + 1

(Completion of the proof) “But this is P (k) with k replaced by k + 1. Therefore, if
P(k) is true, then P(k + 1) is also true. P(1) is true and if P(k) is true, then P(k + 1)
is true. Using the principle of mathematical induction, P(n) is true for all positive
integers.”



