Deriving multiple angle formulae

Starter
1. State the geometrical effect of:

(a) multiplying a complex number z by —3\/5 + 3i

(b) dividing a complex number z by 2712 3i.

2. _ A complex number, w = kei¢, is multiplied by complete number
the z = re' = a + ib to form a new complex number, wz. State the complex number
which we need to multiply wz by to return to w. Give your answer in terms of:

(a) rand @ (b) a and b.
3. By using De Moivre’s Theorem and the binomial theorem find two expressions for

(cos @ +isin@)>. Hence write down expressions for cos 36 in terms of cos 6, sin 30 in
terms of sin @ and tan 36 in terms of tan ?

Notes

From De Moivre’s theorem (cos @ + isin@)" = cosn6 + isin n6.

Using the binomial expansion of (cos @ + i sin #)" and equating real and imaginary parts:
cosnf = Re [(cos 6 +isin 9)”]
sinnf = Im [(cos 0 + isin 9)”]

Im [(cos 6 + isin 0)”]
tannd =

Re [(cos 6 + isin 0)"]
Important
®  When expanding (cos @ + isin 8)", it is customary to use ¢ = cosf and s = sin @ in
order to save time. So (cos @ +isinf)> = ¢ + 3ic%s — 3cs? —is>.
®  When there are even powers of sin 6 and cos @, use cos? 0 = 1 — sin? 6§ and
sin? @ = 1 — cos? @ to find expressions in terms of sine or cosine only.
° For tan n 0, use the unsimplified versions of sin n6 and cos n 6, and divide each term
by cos” 6.
o 2=-1 P == it=1 P =i i=—1 etc

E.g. 1 Using the expansion of (cos @ + i sin 0)*, find expressions for cos 46 in terms of cos 6,
sin 46 in terms of sin @ and cos @ and tan 46 in terms of tan 6.

Exam questions: Deriving multiple angle formulae using De Moivre's Theorem

Exercise
p57 3AQu 1-8


https://www.mathspanda.com
https://www.examsolutions.net/tutorials/expressing-sin-n%CE%B8-cos-n%CE%B8-terms-sin%CE%B8-cos%CE%B8/?level=A-Level&board=OCR&module=Further%20Pure%20Core%20Maths%20A-Level&topic=1898
https://www.examsolutions.net/tutorials/exam-questions-expressing-sinn%CE%B8-and-cosn%CE%B8-in-terms-of-sin%CE%B8-and-cos%CE%B8/?level=A-Level&board=OCR&module=Further%20Pure%20Core%20Maths%20A-Level&topic=1898
https://www.mathspanda.com/A2FM/WES/Deriving_multiple_angle_formulae_WES.pdf

Summary

From De Moivre’s theorem (cos @ + isin )" = cosn6 + isin n6.

Using the binomial expansion of (cos @ + i sin #)" and equating real and imaginary parts:
cosnf = Re [(cos 6 +isin 9)"]

sinnf = Im [(cos@ + isin 0)”]

Im [(cos@ + isin 0)”]
tannd =

Re [(cos 0 +isin 0)”]

®  When expanding (cos @ + isin 8)", it is customary to use ¢ = cosf and s = sinfin
order to save time. So (cos @ +isinf)> = ¢ + 3ic%s — 3cs? — is>.

®  When there are even powers of sin 6 and cos @, use cos? 0 = 1 — sin? 6 and
sin” @ = 1 — cos? @ to find expressions in terms of sine or cosine only.

° For tan n 0, use the unsimplified versions of cos n@ and sin n6, and divide each term
by cos” 6.

o 2=-1 P == it=1 P =i i=—1 etc
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