De Moivre’s theorem
Starter

1
1. By finding the modulus and argument of 5 + iT, find the exact

1 3\°
value of —+i£ .
(3+%5)

10
/4 LT
2. Find the exact value of [COS(g) + i sm<§>] .
3. Letz = r(cos@ +isin@).
(a) State values for the following in terms of r and 6:
1 1
(i) | 22| &arg (z%) (ii) |23 | &arg (z%) (iil) |z2| & arg (22).

(d) Hence, conjecture a theorem for 7", expressing your answer in terms of 7 and 6.

Notes
De Moivre’s Theorem states that (cos @ +isin8)" = cosnd + isin né.

The theorem can be extended: [r(cos 0 +isin 0)] "= r'(cosn6 +isinn@).

Historical note

Abraham De Moivre (1667-1754) was a French mathematician of Huguenot* extraction who settled
in England and was a friend of Newton. He published his theorem in Miscellanea Analytica in
1730.

*A French Protestant of the 16th and 17th centuries. Largely Calvinist, the Huguenots suffered
severe persecution at the hands of the Catholic majority, and many thousands emigrated from
France.

Proof of De Moivre’s Theorem when n is a positive integer
E.g. 1 Use proof by induction to prove De Moivre’s theorem for all positive integers.

Proof of De Moivre’s Theorem when n is a negative integer
E.g. 2 By assuming n is negative, i.e. n = — m where m is a positive integer, and using

z7™ = —, prove De-Moivre’s Theorem for negative integers.
Zm

So De Moivre’s Theorem is proved when n is a negative integer.

1
N.B. — =z"'=cos(—0)+isin(—0) =cosO —isinf = z*
z
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Proof of De Moivre’s Theorem when n is rational
Let n be rational such that n = P where p and g are integers.

q
. 2 po . po
We wish to prove (cos @ +isinf)7 = cos — + isin —
q q
Since ¢ is an integer, we can use De Moivre’s Theorem on the right-hand side of the above:

0 AN
<cosp— +isin p_) =cospl +isin pl

q q
= (cosf +isinf)? since p is an integer
pd . po\’ .
So cos— +isin— | = (cosf +isinf)”
q q
0 AN
Take the g—th of both side: \q/<cos i + isin p_) = \q/(cos 0 +isin@)?
q q
cosp— +isinp— = (cos @ +isin0)%
q q

So De Moivre’s Theorem is proved for rational numbers.

Useful results
cos(—@) =cosd
sin(—@) = — sin @

. /3 V3
sinf = cos(9 - —) = cos(— — 9>
2 2

. b4
cosO = sm(@ + —)
2

What about (cos @ — isin0)"?
De Moivre’s Theorem doesn’t work for (cos & + isin )" unless @ = .

By rights, De Moivre’s Theorem is only used for cos 8 + i sin 6 so what happens when we have
(cos@ —isin@)"*?

E.g. 3 (a) State an expression for cos(—#) in terms of cos 6.
(b) State an expression for sin(—#) in terms of sin 6.
(c) Hence find an expression for (cos @ — isin §)"

E.g. 4 Use De Moivre’s theorem to simplify the following:

n . 12 n V3 3
(@ COs — 4+ isin — (b) COS — +i sm —
8 8 9

_4 <c0s— —isin >3
(c) [COS( — %) +isin< — %)] (d)
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8
2r . .2z
<COS 5 4+ isin 5 )

3
cos 2 —isin &
5 5

. ox\" 12z . 12z
Working: (a) Ccos — +isin — =cos—— +isin— = —1
8 8 8 8

C)

E.g. 5 Express (1 — i\/§)4 in the form a + ib.

Working: |1 — i\/§| =14/ 12 + (—\/5)2 =¥

3 5
Arg (1 — i\/g) =2z —tan‘14 = ?ﬂ

4
5 5
(1- i\/§)4 = [2<COS ?ﬂ +isin ?]T)]
20 20
= 16<cos ol +isin —ﬂ>
3 3
2 N
= 16(003 — +isin —>
3 3

o)

2

= —8+i8/3

E.g. 6 Evaluate

o
(1-1/3)"

o n 0
E.g. 7 Express (sm 0 +icos 0) in the form cos nk + i sin nk where k is an expression in
term of @ that is to be found.
Hint: sin@ +icosf = i(cos 6 —isin 9)

Exercise
p29 2A Qu 1i, 2-7

Summary .
De Moivre’s Theorem: [r(cos 6 +isin 0)] = r"(cosnf +isinnd)
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