Cumulative distribution functions

Starter
1.

201 —
The continuous random variable, X, has pdf f(x) = {(I)Zx 1-x O=x< 1.

otherwise

(a) Find u, the mean of X.

(b) Find E(6X — 7).

(c) Find the standard deviation of X.

(d) Calculate the probability that a randomly selected value of X lies within one

standard deviation of .
(e) Find Var(6X + 11).

Notes
The cumulative distribution function (cdf),F(x), of a probability density function, f(x),
calculates the probability of being less than or equal to a given value, x:

X

PX<x)=F(x) = J f(x)dx y

—0

If the domain where f(x) > O is
a < x < b, then:

PX<x)=Fkx) = " f)dx

X

ob a X
PX<b)y=Fb)=| f(xdx=1.
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E.g. 1 A probability density function is such that y = f(x) fora < x < b and zero otherwise.
The corresponding cumulative density function is F'(x).
(a) Express the following in term of an integral, or integrals, and then F'(x).
(i) P(X > k)wherea <k <b.
(ii) Px; <X <x,)
(b) (i) State the value of F'(x) when x < a.
(ii) State the value of F'(x) when x > b.
(c) Find an expression involving F'(x) for
(i) the median, m,
(ii) the lower quartile, Q; and the upper quartile, Qs,
(i) the 29th percentile, P,

b
Working: (a) (i) PX >k) = J
k

k
f(dx =1 —[ f()dx =1 - F(k)

(i) POy <X<x)= r2 f@dx - rl f@dx = Fxy) = F(x)

(b) When x < a, F'(x) = 0 — before the function the area under the
graph is zero.
When x > b, F(x) = 1 — by the end of the function, the area under
the graph must be 1 if it is a random variable.

(c) (i) fdx =05 = F@m)=0.5
u~an
(ii) fxdx =025 = F(Q) =025
e
fdx =075 = F(Q;) =0.75
P2
(iii) fx)dx =029 = F(Py) =0.29
If m is the median then F'(m) = 0.5. L
The kth quartile, Q,, is given by F(Q,) = R
k
The kth percentile, P,, is given by F'(P,) = 100°
1
Eg.2 i Xisacvwithpdf f) = 4 8% O0S¥S% 44

0 otherwise
(a) the cumulative distribution function F'(x) and sketch the graph of y = F(x).
(b) the exact value of the median, m
(c) P(0.3 < X < 1.8), giving your answer exactly.
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3.2
= <x<
E.g. 3 Xis the crv with pdf f(x) = {7x Isxs 2.

0 otherwise

(@) Find and sketch the cumulative distribution function, F'(x).
(b) Find the median, m1, to 3 s.f..

(c) Find the upper quartile, O;, to 3 s f..

Finding the pdf given the c;df
E.g. 4 Given that F'(x) = J f(x)dx, find an expression for f(x) in terms of F(x).

a

Working: Fx) = J fdx = fx)= dLZxF (x)

It is a fairly straightforward task to find f (x) from F'(x)

0 x<0
E.g. 5 The crv X has cumulative distribution function F'(x) where F(x) = %x3 0<x<3.
1 x >3
Find the probability density function of X, f(x).
0 x< -2
E.g. 6 The crv X has cdf F(x) where F(x) = 33—2<4x — %x3 + %) —-2<x<L2
1 x>2

Find the probability density function of X, f(x).

Exercise
p131 7D Qu 1i, 2i, 3, 4

Summary N
The cumulative distribution function, F'(x), is defined as P(X < x) = F(x) = [ fx)dx
If the pdf y = f(x) is defined on a < x < b and zero elsewhere: , -~
PX<x)=Fx) = rf(x)dx and PX <b)=F(0) = J fdx =1

a

P(x; < X < x,) = F(xy) — F(x,).
If m is the median then F'(m) = 0.5.

The kth quartile, O, is given by F(Q,) =

g

k
The kth percentile, P, is given by F'(P,) = 100°
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