Complex exponents (including Euler’s formula)
Starter

1. Show that (— 1 + i)' is real and that is purely

(—1+10)°
imaginary, giving the value of each.

6 +isinf :
2. Let f(0) = cos igl o , where €' #£ 0.
e
(a) State the value of £(0).

(b) Find f'(8), simplifying your answer as much as possible. Hence, describe the type
of function, f(8).

, cos@ +isind _
(c) Using your answers to (a) and (b), state the value of ” and write down
e

an expression for e'.

Notes

The result found in 2(c), ¢ = cos @ + isin 0, is known as Euler’s formula (Leonard Euler
1707-1783).

It can be extended to: ¢l = r(cos@ +isinf)wherer >0and —7 <0 <zmor0 <0 <2nx.

N.B. The working from question 2 above is not a formal proof of Euler’s formula. See a proof of
Euler’s formula using Maclaurin series in the summary at the end of this lesson.

E.g. 1 State the value of e (this is known as Euler’s identity).

Working:  e” =cosn +isinzg = — 1
i.e irrational numberiMaginary number x irrational number _ _ |

Useful results
cos(—6) =cos b
sin(—@) = — sin @

sinf = cos<9 - £> = cos(£ - 9)
721 2
cosf = sin<¢9 + E>

E.g. 2 Express each of the complex number in the form re'd:
(@ 1+i b 3 -i
I +i
(©) 7 @ (1+)0/3-0)
—i

Working: (a) 1+i= \/Eei%
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E.g. 3 Express in the form a + ib: _
(@) 4e'3 (b)  Se” € e'2

x 1 3
Working: (@) 4é'3 = 4(COS g +isin %) = 4(5 + |§> =2+ i2\/§

E.g. 4 Find expressions for ¢ + ¢ and ¢ — ¢~ in terms of cos @ and/or sin &

Working: e+ ¢7 = cos @ +isin O + cos(—0) + i sin(—0)
=cosf +isin@ + cos@ —isinf
=2cosd

Exponential raised to the power of a complex number
E.g. 5 Given that z = 2 + 3i, express e* in the form a + bi, giving your answer to 4 s.f..

Exercise
p33 2B Qu 1i, 2i, 3i, 4i, 5-12

Summary
re' =r(cos6 +isin0)
Euler’s formula: e’ =—1

If z = x + iy, the definition of e is e* = et = ¥ x Y = e*(cosy +isiny).

Proof of Euler’ formulae using Maclaurin series
3 4 5 r
_ _ _ X X b X X
The standard Maclaurin series fore*is 1 +x + —+ — 4+ —+—+ ...+ —+....
20 31 41 5! r!
(a) Find the Maclaurin series for '’ _
(b) By considering the Maclaurin series for cos 8 and sin 6, express €' in terms of
cos 6 and sin 6.

. . 2 . 3 . 4 . 3
Working: (a) el@ = 1 + |9 + (IQ) + (IH) + (lg) n (IH)

! 3! 4! 5!
68 e et i
=14+ —-———F—+—+...
2! 31 41 5!
. X3 XS x2r+1
(b) smx=x——+——... 4 (1) —+... forallx
31 5! Q2r +1)!
R 2
cosx=1—-——+——...+(-1) +... for all x
21 4! 2r)!
i0 R A A A
=14 ————+—+—+...

21 31 41 5l
92 4 3

0 0 0
=l-—+—4+.. . +i|l0——+—+...
21 4! 3! 5!

=cosf +isinf
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