Centres of mass of composite bodies

Starter

1.
A uniform lamina has the shape of an equilateral triangle with sides of length 6.9 cm. Find
the perpendicular distance of the centre of mass of the lamina from one of its sides.

2. Find the coordinates of the centre of mass of this 6ty
uniform lamina.

Notes
The centre of mass of composite bodies is found by summing the centres of mass of the different

parts that make up the body
1-D: MXx =mx; +myx, +...+m,x,

_ Xl )_CZ )_Cn
2-D: Mx=m{_ J+my|_"|+...+m, | _
)1 Y2 Yn

Part removed from a shape
When a part is removed from a shape, subtract the removed part in the formulae above, both on

the left- and right-hand sides.

E.g. 1 Find the centre of mass of this uniform lamina relative to O.

Centres of mass of standard 3-D figures (given in formula booklet)
3

Solid hemisphere, radius r: gr from centre
Hemispherical shell, radius r: Er from centre
1
Solid cone or pyramid of height h: —/h above the base on the line from centre of base to vertex

Conical shell of height h:  —h above the base on the line from centre of base to vertex

N.B. The conical shell formula includes the curved surface, but not the base.
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E.g. 2 The diagram shows a hollow lantern made of glass of uniform
thickness. It is formed by joining together a conical shell of il

height 6 cm , a cylindrical shell of height 10 cm and a hemispherical

shell, all of radius 8 cm.

Find the depth of the centre of mass of the lantern below the vertex

V of the cone.

Hint: since the lantern is hollow you will need to find the surface '
area of the different parts.

Surface area of cylinder = 271> + 2zrh
Surface area of sphere = 471> ~—8cn
Surface area of a cone = zrl + zr>

10 cm

Working: Let k kg be the mass of the glass per cm?.
Surface area of curved part of cone = 71l = 7 X 8 X 10 = 80z«
Surface area of curved part of cylinder = 2zrh =2 X 7 X 8 X 10 = 1607z

Surface area of curved part of hemisphere = 2772 = 27 X 8% = 128x
It can be useful to put the information into a table like the one below.

Lantern (whole) Cone Cylinder Hemisphere
Mass (kg) 3687k 80rxk 1607k 1287k
Distance from V X 4 11 20

() about the V- 3687kx = 80rk x4 + 160xk X 11 + 1287k x 20

368x = 320+ 1760 + 2560

290
x =—— = 12.61
23

The centre of mass is 12.6 cm (3 s.f.) below V.
N.B. Since k cancels, volume rather than mass could be used

E.g. 3 Avase is made from a uniform solid cylinder of height 25 cm and radius 10 cm by
removing a smaller cylinder of height 22 cm and radius 9 cm from it so that there is an axis
of symmetry vertically through the centre of the base. Find the centre of mass of the vase.

CoM laminas EQ
CoM wire frameworks EQ

Exercise
p123 5C Qu 1ace..., 2-14
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Summary

The centre of mass of composite bodies is found by summing the centres of mass of the different
parts that make up the body

1-D: MX =mx; +myx, + ... +m,x,

_ X1 Xy X,
2-D: Mx=my|_ J+my|{_ " |J+...+m,| _
yl y2 yn

Part removed from a shape — subtract the removed part in the formulae above.

Centres of mass of standard 3-D figures (given in formula booklet)
3

Solid hemisphere, radius r: gr from centre
Hemispherical shell, radius r: Er from centre
1
Solid cone or pyramid of height h: —/h above the base on the line from centre of base to vertex

Conical shell of height h: gh above the base on the line from centre of base to vertex

N.B. The conical shell formula includes the curved surface, but not the base.
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